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ON INTERSECTIONS OF CLOSED CURVES ON SURFACES 

The problem on the minimal number (with respect to deformation) of 
intersection points of two closed curves on a surface is solved. Following the 
Nielsen approach, we define classes of intersection points and essential classes 
of intersection points, which "are preserved under deformation" and whose 
total number is called the Nielsen number. If each Nielsen class consists of a 
unique point and has a non-vanishing index after a suitable deformation of 
the pair of curves, one says that the Wecken property holds. We compute the 
minimal number of intersection points in terms of the Nielsen numbers and the 
Reidemeister numbers. In particular, we prove that the Wecken property does 
not hold for some pairs of closed curves. Moreover, all the non- vanishing indices 
of the Nielsen classes equal ±1, while the non- vanishing Jezierski semi-indices 
equal 1 . Similar questions are studied for the self-intersection problem of a curve 
on a surface. 
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B pa6oTe pemena 3a;i,aHa o MHHHMajibHOM (oTHOCHTejibHO ;i,e- 
4)opMaii,Hii) HHCJie ToneK nepeceneHiiii ;i,Byx saMKHyTbix KpHBbix 
Ha noBepxHOCTH. Cjie^ys Hnjibceny, onpe^ejisiOTCii Kjiaccti TO^eK 
nepece^eHHs h cyiii,ecTBeHHbie Kjiaccbi To^eK nepece^eHHii, KOTopbie 
"coxpansiOTCii npH fle4)opMai];iiii" h hhcjio KOTopbix nasbiBaeTCs 
^HCJiOM Hnjibcena. Ecjih Bce Kjiaccbi Hmibcena coctost us o;i,Hofi 
TOHKH H HMeiOT HeHyjieBOH HH^eKC nocjie noflxo;i,5mi,eH fle4)opMaii,HH 
napbi KpHBbix, roBopsT, hto eunojiHeno ceoucmeo Benena. Bbihhc- 
jieHO MHHHMajiBHoe HHCJio TO^eK nepeceneHHa b TepMHHax hhcgji 
Hnjibcena h HHceji PaH^eMaHCTepa. B nacTHOCTH, mbi ^OKasbiBaeM, 
HTO CBOHCTBO BeKGHa BbiHOJiHeHO He jiK)6bix nap SaMKHyTblX 
KpHBbix. Bojiee Toro, OTjiHHHbie ot nyjiii HH^eKCbi KjiaccoB Hnjibce- 
Ha paBHbi ±1, a OTjiHHHbie ot nyjis nojiynH^eKCbi EsepcKoro paBHbi 
1. TaKHe :>Ke Bonpocbi HsyneHbi ^jis sa^ann o caMonepece^eHHH 

KpHBOH Ha HOBepXHOCTH. 



§1. bbe;];ehhe 

MsyneHHe 3a;:,aHH o coBna;:,eHHH jxjiii napbi OTo5pa>KeHHH flByMepnoro 
Topa B noBepxHOCTb [I] npHBejio aBTopoB k HccjieflOBaHHio CBOHCTBa Be- 
Kena b sa^anax o nepecenenHH h caMonepeceHeHHH saMKHyTbix kphbbix 
Ha noBepxHOCTHx, a TaK>Ke k HCCJie^OBaHHio neKOTopbix TonojiorHnecKHx 

CBOHCTB (cymeCTBeHHOCTb, "cnei],HaJIbHOCTb", "TpHBHaJIbHOCTb") KJiaCCOB 

Hnjibcena ToneK nepeceneHHii h caMonepeceneHHii. B flannoH pa6oTe mm 
nojiHOCTbK) pemaeM sa^aHH o nepecenenHH h caMonepeceHeHHH saMKHy- 
Tbix KpHBbix Ha HOBepxHOCTHx. OTBCTbi flaiOTCs B TepMHHax HHceji Hhjib- 
cena h HHceji PaH^eMaHCTepa sa^an o HepecenenHH h caMOHepecenenHH. 

B HaCTHOCTH, Mbl HOKaSblBaeM, HTO CBOHCTBO BcKCHa BblHOJIHCHO HC J\Jl5i 

jiio6bix saMKHyTbix KpHBbix H Hap saMKHyTbix KpHBbix. 

Ohhihcm aadauy o nepeceuenuu. /l^anbi ^Ba nenpepbiBHbix OTo6pa>Ke- 
HHH /i : Xi Y , /2 : X2 Y Me>K;i,y TOHOJiornnecKHMH npocTpan- 
CTBaMH. BosHHKacT sa^aHa o Haxo^K^enHH Hpe;i,CTaBHTejieH tomotohh- 
HecKHx KjiaccoB 3THX OTo6pa>KeHHH, y KOTopbix HHCJio TOHCK HepeccHe- 
HH5I MHHHMajibHO cpe/i,H Bccx Hap HpeflCTaBHTCJieH KjiaccoB [fi] H [72] . 
B HacTHOCTH, Hy>KHO HaHTH MUHUMaAhHoe Hucjio moHeK nepecenenuH 
soMomonuuecKux KAaccoe [fi] h [/2]: 

MI[h,h] := min |int (/{, /^)|, 



r^e ~ osHanacT tomotohhoctb OTo6pax<:eHHH, 

int(/i,/2) := {{xi,X2) G Xi x X2 | fi{xi) 



= /2fe)}. 
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HoflHepKHeM, HTO noA mouKou nepeceuenu^ {xi,X2) G int(/i,/2) mm 
noHHMaeM TOHKy ^eKapTOBa npoH3Be;i,eHH5i Xi x X2, a ne ee npoeKii,HH 
Ha coMHO^KHTejiH Xi H X2 H He Hx o6pa3 B Y. /^Ji5i pemeHHii 3T0H 
3a;:,aHH, cjie^ya Ho^xo^y 51. Hnjibcena [2], paayMHO pasGnTb MHO^KecTBO 
ToneK nepeceneHHii OTo6pa>KeHHH fi h /2 na Kjiaccbi: ^Be tohkh (a:i,X2), 
{xi,X2) nepeceneHHii npHHa;:,jie>KaT o;],HOMy KAaccy HuAhcena, ecjin cy- 
mecTByeT napa nyxeH : [0, 1] ^ X^, i = 1, 2, co CBOHCTBaMH 

a^(0)=Xi, ai{l) = ^ = 1,2, /i o ai ~a /2 o a2- 

3;:,ecb ~a 03HaHaeT, hto npn roMOTonnn o6pa3bi kohi],ob ocTaiOTCii na 
MecTe. 

EcjiH Xi , X2 , 1^ HBjiHioTCH MHoroo6pa3H5iMH pa3MepHOCTeH dim = 
rii H dimy = n = ni + n2, mo^kho bgcth undenc H30JiHpoBaHHOH 
TOHKH nepeceHeHHH. HanpHMep, ^jih H30JiHpoBaHHOH mouKU nepecenenuH 
(xj, ^2) G int (/i, /2) Mbi B03bMeM OKpecTHOCTH t/xi, t^X2 H ToneK 0^5, 

^2 H 7/*^ = fl{x^) = f2ix2) COOTBeTCTBeHHO, TaK, HTO (x^, ^2) 5IBJI5ieTCa 

e;:,HHCTBeHHOH TOHKOH nepeceHeHHH b f/xi x t7x2 ^ fi{Uxi) C t/y- 3th 
TpH OKpecTHOCTH OTO>K;:i,ecTBji5iioTC5i c e^HHHHHbiMH inapaMH D^"^ C M'^^ 
H C M"" npH noMOiri,H (coxpaH5iioiri,Hx opHeHTai],Hio, ecjiH Xi , X2 

H y OpneHTHpOBaHbl) rOMeOMOp4)H3MOB D^"^ H [/y , 

nepeB0^5iiii,Hx tohkh h ^/"^ b ii,eHTpbi mapoB, i = 1,2. CTenenb 
OTo6pa>KeHHH 

r: X L>"^) ^ ^ {xi,X2) ^ 

l/Ua^i) - 72(3:2)1 

Ha3biBaeTC5i undeKCOM indj-^^o ,yO^(/i, /2) 

He 3aBHCHT OT Bbl6opa OKpeCTHOCTCH H MeHiieT 3HaK, eCJIH MeHHeTCH 
OpHeHTai],H5I B Uxi HJIH B HJIH B Uy ■ (EcjIH Xl HJIH X2 HJIH K 

HeopneHTHpyeMO, HH^eKC onpe;:i,eji5ieTC5i no MO^yjiio 2.) HH;i,eKC mo^kho 
onpe;:i,ejiHTb ^jih MHO^KecTB ToneK nepeceneHnH; nanpHMep, HH/i,eKC ko- 
HeHHoro MHO^KecTBa H30JiHpoBaHHbix ToneK nepeceHeHHH paben cyMMe 
HH/],eKCOB ToneK 3Toro MHO^KecTBa. K). E3epcKHH [31, S] onpeflejiHji no- 
AyundGKC KJiacca HuAbCGua (a-ts 3a;:,aHH o coBna;:i,eHHH) , cm. onpe^ejie- 
HHe [U (d, e), KOTopbiH npHHHMaeT 3HaHeHH5i B H 5iBji5ieTC5i 6ojiee 
TOHKHM HHBapnaHTOM, HGM HH;:i,eKC, ecjiH Xl HJIH X2 HJIH K HeopHeH- 
THpyeMO. EcjiH Xi,X2 h K opnenTHpyeMbi, nojiyHH^eKC Kjiacca paben 
a6cojiiOTHOMy 3HaHeHHio HH^eKca SToro Kjiacca; ecjin Xi hjih X2 hjih Y 
HeopneHTHpyeMO, HH;i,eKC nojiynaeTCii h3 nojiyHH;i,eKca npoeKTHpoBaHneM 

Z+ B Z2. 

Kjiacc Hnjibcena ToneK nepeceneHiiii Ha3bibaeTC5i cyiu^GcmeGHHUM, 
ecjiH ero HH^eKC ne nyjib. Hhcjio NI[fi,f2] cymecTbeHHbix Kjiaccob 
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ToneK nepeceneHHii nasbiBaeTCii hucaom Hujihcena napbi /i h /2 ajih 
3a;:,aHH o nepecenenHH. CymecTBeHHbiH Kjiacc ToneK nepeceneHHii "co- 
xpaH5ieTC5i npH roMOTonHn", ne MeH5i5i HH;],eKC. HosTOMy hhcjio Hnjibcena 
NI[fi, 5iBji5ieTC5i HHBapnaHTOM napbi roMOTonHHecKHx KjiaccoB [/i], 

[/2]. HCHO, HTO M/[/i,/2] > ECJIH HHCJia MI[fij2] H 

NI[fi,f2] coBna;:i,aiOT, roBopHT, hto BbinojiHseTCH ceoucmeo Benena [5] 
;],ji5i sa^aHH o nepecenenHH napbi /i h /2. B 3tom cjiynae cymecTByiOT 
OTo6pa>KeHH5i /{ ~ /i H /2 — /2 , AJi^ KOTopbix Ka^K^biH Kjiacc Hnjibcena 
ToneK nepeceneHHii 5iBji5ieTC5i cymecTBeHHbiM h co^ep^KHT poBHO Oflny 
TOHKy. Otmcthm, hto paccMaTpHBaeMaa bo MHornx pa6oTax [i6j, iTj, 18] 3a- 
fXdi^ci. O KOpHHX fXJl5l OTo6pa>KeHH5i /l I Xi Y Me^Kfly MHoroo6pa3H5iMH 
coBna^aeT c 3aflaHeH nepeceneHHii ^jih napbi OToSpa^Kennn (/i,/2), r;i,e 
/2 : X2 Y n X2 OAHOTonenno. 

Ba>Kna5i TeopeMa /^o6penbKO n KyxapcKoro [0] (cm. TaK>Ke [10]) 
cocTOHT B TOM, HTO flji5i opnenTHpyeMbix KOMnaKTnbix Mnoroo6pa3HH 
pa3MepnocTeH dimXi = ni, dimX2 = n2 n dimy = n = ni + n2 
jiio6a5i napa nenpepbiBnbix OTo6pa>KenHH o6jia;i,aeT cbohctbom BeKe- 
na flji5i 3a;i,anH o nepecenennn b npe^nojio^Kennn max{ni,n2} 7^ 2. 
Hocjieflnee npe^nojio^Kenne nejib3H OT6pocHTb, KaK noKa3ajio pemenne 
3a^anH o Kopnax b pa3MepnocTH ^Ba [iSl H, [5], paBnocnjibnon 3a^ane 
o nepecenennn b pa3MepnocT5ix (ni,n2) — (2,0). B pa3MepnocT5ix 
ni = 712 = 2 CBOHCTBO BeKena Bbinojineno n /i,OKa3biBaeTCH anajiornnno 
cjiynaio ni, 77,2 > 3 npn noMOin,H anajiora TpiOKa Ynran f[TT], [121 1131 IE IIHl, 
npn 3TOM Ka^K^biH ^ByMepnbiii ";i,hck Ynrnn" HMeeT, BOo6iii,e roBopa, 
TonKH caMonepecenenHH n tohkh nepecenennii c fi{Xi) n 72(^2) ? o;i,na- 
KO OT 9THX nepecenennn Moxcno H36aBHTbCH npn noMOiu,H ;i,e4)opMan,HH 
OTo6pa>KenHH /i n /2 nocpe/i,CTBOM "najibii,eBbix ^Bn^Kennn" Kaccona 
(npn KOTopoH ne B03nHKaiOT noBbie tohkh nepecenennii /i n /2, a 
jiHuib TonKH caMonepecenennii) . HnTepecno OTMeTHTb, hto fljiii aadanu 
coenadeHUU OToSpa^Kennn Me^K^y noBepxnocTHMH, Tecno CB5i3annoH 
c 3aflaneH o nepecenennn b pa3MepnocT5ix ni = n2 = 2, cbohctbo 
BeKena ne Bcer;i,a Bbinojineno [IS], IISI IZ], n 3^ecb BbmBjienne nap co 
CBOHCTBOM BcKcna y/i,ajiocb TOJibKO b cnen,Hajibnbix cjiynaax, nanpnMcp, 
Kor;i,a OTo6pa>KenH5i hbjihiotch roMeoMop4)n3MaMH fTTi [TB] , hjih Kor^a 
Y 5iBji5ieTC5i c(|)epoH, npocKTnBnoH njiocKOCTbio njin TopoM [[T^ 1201 IS], 
Hjin Kor;i,a o/i,no h3 OToGpa^Kcnnn iiBjiacTCii KoncxanTnbiM (3a/i,ana o 
Kopnax) p, 13, Ej, HJIH Kor;i,a X iiBjiHCTCii TopoM [[I]. 

C 3aflaneH o nepecenennn Tecno CB5i3ana aadana caMonepeceneHUU. 
/],ji5i nenpepbiBnoro OTo6pa>KenH5i f : X Y Me^K^y Tonojiornnec- 
KHMH npocTpancTBaMH MHOCHcecmeoM caMonepecenenuH na30BeM Mno- 
>KecTBO int(/) := {(xi,X2) G (X x X) \ A | f{xi) = /(X2)}, r^e 
A := {(x,x) I X G X} — ^naronajib. Anajiornnno B03nHKaeT 3aAana o 
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MUHUMa/ihHOM Hucjie moueK caMonepeceueHUJi dOMomonuuecKOdo KJiacca 
[/]: 

MI[f] •- min |int(/')|. 

OnHTb ^Ji5i H3yHeHH5i 3TOH 3a;i,aHH paayMHO pasGnTb tohkh caMonepe- 
ceHeHHH OTo6pa>KeHHH / na Kjiaccbi: ;:,Be tohkh (a:i,X2), {x'^^x'^ caMO- 
nepeceneHHii npHHa;:,jie>KaT o;:i,HOMy KJiaccy HuAhcena, ecjiH cymecTByeT 
napa nyTefi ai,a2'. [0,1] X co CBOHCTBaMH 

ai{0) = Xi, ai{l) = x[, ^ = 1,2, / 0^1^9/0 q;2- 

IloHiiTHii HH/i,eKca TOHKH caMonepeceHeHHH, cymecTBeHHoro Kjiacca 
Hnjibcena, HHCJia NI[f] h CBoficTBa BeKena ^jih OTo6pa>KeHH5i saMK- 
HyToro n-MepHoro MHorooSpaana X b 2n-MepHoe MHorooSpasne Y 
onpe;:,eji5iiOTC5i KaK b 3a;:i,aHe o nepecenenHH. HoflHepKHeM, hto moH- 
Ka caMonepeceneHUM {xi,X2) G int (/) 5iBji5ieTC5i ynopHfloneHHOH na- 
poH {xi,X2), T.e. 3jieMeHTOM npocTpancTBa (X x X) \ A. PaccMOT- 
peHHe HeynopHflOHeHHOH napbi {a:i,X2}, T.e. sjieivieHTa npocTpancTBa 
(exp2X) \ X = ((X X X) \ A)/{xi,X2) ~ (3:253:1), flaeT ;],pyroe noHHTHe 
TOHKH caMonepeceneHHii. B HacT05iiri,eH pa6oTe TaKaa TOHKa caMonepece- 
HeHHH {xi,X2} HasbiBaeTCH seoMempunecKou mouKou caMonepeceneHUM, 
a MHHHMajibHoe hhcjio reoMeTpHHecKHx tohck caMonepeceneHnH roMO- 
TonHHecKoro Kjiacca [/] oSosHanaeTCH nepes M/geom [/] • J^-^^ reoMex- 
pHHecKHx ToneK caMonepeceHeHHH anajiornHHO onpe;:i,eji5iK)TC5i SKBHBa- 
jieHTHOCTb no Hnjibceny, HH^eKC, cymecTBeHHbifi Kjiacc Hnjibcena, hhcjio 
Hnjibcena Nlgeomif] h cbohctbo BeKena. 

HoAHepKHeM, HTO int (/) 7^ int(/, /), a jinnib int (/) C int(/, /). 
KpoMe Toro, b aa^ane o nepeceHennH fljiH napbi OTo6pa>KeHHH (/, /) 
OTo6pa>KeHHH /i = / h /2 = / ;:i,e4)opMHpyK)TC5i nesaBHCHMO, nosTOMy 
Hex oneBH^HOH cbhsh Me^K^y HHCJiaMH M/[/] h M/[/, /], a TaK^Ke 
Me>K^y HHCJiaMH NI[f] h NI[f,f]. 

Yhthh flOKasaji, hto jiio6oe n-Mepnoe saMKHyToe MHorooSpasne bjio- 
>KHMO B M^"^, H npe;:i,jio>KHji MeTo;:,, no3BOJi5iioin,HH /i,OKa3aTb cbohctbo 
BeKena MI[f] = NI[f] h M/geom [/] = -^^geom[/] B sa^ane o caMone- 
peceneKHH ^jih OTo6pa>KeHH5i n-Mcpnoro saMKnyToro MHoroo6pa3H5i X 
B 2n-MepHoe MHorooSpasne Y npn n > 3 [22] (cm. TaK^KC |T21 [T3]). 
3tot mcto^ HasbiBacTCii mpwKOM yumnu h npHMCHiieTCH bo mhothx 
pa6oTax [23]. HpH n = 2 cymecTByioT OTo6pa>KeHHH, KOTopbix 
CBOHCTBO BeKena ne Bbinojineno [121] . 

B TcopcMC [I] H cjie;],CTBHH [3] Mbi pemacM 3a;:,aHy o caMonepecenenHH 

SaMKHyTOH KpHBOH Ha HOBCpXHOCTH (cjiyHaH n = l) H flaCM KpHTC- 
PHH CHpaBC^JIHBOCTH CBOHCTBa BcKCHa ^JIH Sa^aHHOH KpHBOH. Mbl TaK^KC 
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;i,OKa3biBaeM, hto OTjiHHHbie OT HyjiH nojiyHH^eKCbi KjiaccoB Hnjibcena 
ToneK caMonepeceneHHii (h reoMeTpHnecKHx ToneK caMonepeceneHHii) 
paBHbi 1, H Haxo;:i,HM MHHHMajibHoe HHCJio KjiaccoB Hnjibcena, 5ibji5iio- 

III,HXC5I CymeCTBeHHblMH h/hJIH Cnei],HajIbHbIMH h/hJIH TpHBHajIbHblMH. 

OKasbiBaeTCH, hto na cbashoh noBepxHOCTH BbinojiHeno cbohctbo BeKena 

fl^JI5l JII060H SaMKHyTOH KpHBOH B TOM H TOJIbKO TOM CJiy^ae, KOFfl^di 3Ta 

noBepxHOCTb roMeoMop4)Ha hjiockocth, c4)epe hjih npoeKTHBHOH njiocKO- 
CTH (T.e. HMeeT KoneHHyio 4)yH;3,aMeHTajibHyK) rpynny). TaKHM o6pa30M, 
CBOHCTBO BcKCHa fljiH 3a;i,aHH o caMonepeceneHHH npn n = 1 ne Bcer^a 
cnpaBe;:,jiHBO. 

B TCopcMC [2] Mbi pemacM aa^any o nepeceneHnH ^jih napbi saMKHy- 

TblX KpHBblX Ha nOBCpXHOCTH (t.C. B paSMCpHOCTHX TT-l = 712 = 1) H A^SM 

KpHTcpHH cnpaBe^jiHBOCTH CBOHCTBa BcKCHa fljiH TaKoii napbi kphbbix. 
Mbi TaK^KC flOKasbiBacM, hto OTjiHHHbie OT HyjiH nojiyHH;:i,eKCbi KjiaccoB 
Hnjibcena tohck nepeceHCHHH paBHbi 1, h Haxo;:,HM MHHHMajibHoe hhcjio 
KjiaccoB Hnjibcena, 5iBji5iioiri,Hxc5i cymecTBeHHbiMH h/hjih cnei],HajibHbi- 

MH. OKaSblBaCTCil, HTO Ha CB5I3HOH HOBCpXHOCTH BbinOJIHCHO CBOHCTBO 

BcKCHa fljiH J11060H napbi saMKnyTbix kphbbix b tom h tojibko tom 
cjiynae, Kor^a 3Ta noBcpxHOCTb opncHTHpyeMa hjih roMeoMop4)Ha MP^. 

B HaCTHOCTH, Ha JII060H HeOpHCHTHpyeMOH CB5I3HOH HOBCpXHOCTH, OTJIHH- 
HOH OT MP^, HMCIOTCH Hapbl KpHBblX, KOTOpblC HC o6jiaflaiOT CBOHCTBOM 

BeKena ;i,ji5i sa^anH o HepecenenHH. 

C HOMOii],bio TcopcM [I](a) H [2] HacT05iin,eH pa6oTbi, BKjuonaa yTBep- 
yKfl^euasi o cyin,ecTBeHHbix, CHeii,HajibHbix h TpHBnajibHOM Kjiaccax Hnjib- 
cena tohck caMonepecenenHH h nepecencHHii, aBTopaMH pemena sa^ana o 
coBna;i,eHHH ;i,jim nap OTo6pa>KeHHH ;i,ByMepHoro Topa b noBcpxHOCTb [T], 
TeopcMbi 1.1 H 3.6]. McTOflbi, ncnojibsycMbie b HacT05iiii,eH pa6oTe, oc- 
HOBaHbi Ha Ha6jiiofleHHH HyaHKape [|25l, c. 465-475], cocT05iiii,eM b tom, 

HTO Ha KOMHaKTHOH CB5I3HOH HOBCpXHOCTH HCHOJIO^KHTejIbHOH SHJICpOBOH 
XapaKTCpHCTHKH MHHHMajIbHOe HHCJIO TOHCK (caMo)HepeCeHeHH5I HMCIOT 
KpHBbie, 5IBJI5IIOin,HeC5I KpaTHaHIHHMH OTHOCHTCJIbHO rHHep6ojIHHeCKOH 

pHManoBOH MCTpHKH. HacTb pesyjibTaTOB HacT05iiri,eH CTaTbH (cm. tco- 
pcMbi [U (a) H [2] (a)) 6bijia nojiynena TypacBbiM h Bnpo [26] c Hcnojib- 

SOBaHHCM 3TOrO Ha6jIIO;i,eHHH. fl,Jl51 SaMKHyTblX KpHBblX Ha opHCHTHpy- 

CMbix HOBcpxHOCTHx 3a;i,aHH o caMOHepeceneHHH h HepecenenHH peme- 
Hbi B pa6oTax |27i EH] b TcpMnnax KjiaccoB SKBHBajienTHOCTH tohck 
(caMo)nepeceHeHHH, ii,ejiHKOM cocT05iiri,Hx jih6o hs KjiaccoB Hnjibcena 
(flji5i sa^aHH o nepeceHeHHn), jih6o h3 KjiaccoB CTporoH SKBHBajieHT- 
HOCTH no Hnjibceny (;i,jih sa^ann o caMonepeceHeHnn) , r^e HH^CKCbi 

KJiaCCOB npHHHMaiOT 3HaHeHH5I B Z. AjirOpHTMbl, BbI5ICH5IIOIII,He, MO^KHO 

jiH npo;i,e4)opMHpoBaTb ^aHHbie saMKHyTbie KpHBbie na noBepxHOCTH b 
KpHBbie 6e3 (caMo)nepeceHeHHH, hmciotch b f[2S], ED], EH 132, [Ml 134] . 
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B sa^anax o nepecenenHH h caMonepeceHeHHH neaaMKHyTbix kphbbix c 
saKpenjieHHbiMH KOHi],aMH na Kpae noBepxHOCTH cbohctbo BeKena 6bijio 



PeayjibTaTbi HacT05iiii,eH cxaxbH h ynoManyTbie Bbime peayjibTa- 
Tbi noKasbiBaiOT, hto b 3a;i,aHe o nepecenenHH napbi OTo6pa>KeHHH 
fi'. X^^ yrii+n2^ ^ _ 1^2, ni < 712, Me>K;i,y saMKHyTbi- 

MH MHoroo6pa3H5iMH OTKpbiTbiM ocTaeTCH TOJibKO cjiyHaH pasMepHO- 
CTeH (711,722) = (1,2), a B sa^ane o caMonepecenenHH OTo6pa>KeHHH 
/ : X"^ Y'^'^ Me>K^y MHoroo6pa3H5iMH - tojibko "flByMepHbifi" cjiynafi 
n = 2 (nsynaeMbiH, nanpHMep, b |38j). no-BH;:i,HMOMy, nepemenHbiMH 
5iBji5iK)TC5i TaK^Ke sa^aHH o MUHUMajihHOM Hucjic moHeK caMonepeceue- 
HUM pedyjinpnux npueux na noBepxHOCTH S cpe^H peryjiapHbix KpHBbix 
;:,aHHoro Kjiacca peryjiapnoH roMOTonnn, a TaK>Ke o HH^KHen oii,eHKe 
HHCJia caMonepeceHeHHH necTiirHBaeMbix kphbbix, roMOTonHnecKHe 
Kjiaccbi KOTopbix npHHa;:,jie>KaT 4)HKCHpoBaHHOH no/i,rpynne H C 7ri(»S'), 
HanpHMep, H = {{g)) , HopMajibHoe saMbiKaHne sjieMenxa g G 7ti{S). 

CxaTbii HMeeT cjie;:,yioiii,ee CTpoenne. B §|2]AaiOTC5i ocHOBHbie onpe;:i,e- 
jieHHH sa^an nepeceneHHa h caMonepeceneHHii b "o;:i,HOMepHOM" cjiynae, 
a TaK>Ke MOTHBnpyeTCii BBe^enne naMH 6ojiee tohkhx hohhthh, nem 
npHBefleHHbie Bbime. B §|2] pemaiOTCii sa^anH o MHHHMajibHOM HHCJie 
ToneK (caMo)nepeceHeHH5i fl^jisi kphbbix na i],HjiHHflpe h jihctg MeSnyca 
(jieMMbi [2], [3] H cjie^CTBHii [H B §11 BBOflHTCH noHHTHH cneii,HajibHbix 
KpHBbix H cnei],HajibHbix nap KpnBbix. B §|5] h E] pemaiOTCii 3a;i,aHH o 
MHHHMajibHOM HHCJie TOHeK caMOHepeceHeHHH H HepeceHeHHH fl^jisi 3a- 

MKHyTblX KpHBbix Ha HOBepXHOCTHX (TGOpeMbl [1], [2] H CJieflCTBHe ED • 

ABTopbi 6jiaro;i,apHbi JJ,.Jl. FoHcajiBecy sa yKasanne na pa6oTy jl] 
H y. KomopKe sa yKasanne onpe^ejiennH "cTporo SKBHBajienTHbix" ho 
Hnjibceny tohgk caMOHepeceneHHii KpHBbix, cm. OHpe;i,ejieHHe [I] (b). 



OcHOBHbie HOHHTHH, BBe;i,eHHbie B ;i,aHHOM pasflejie — 3to OHHcan- 
Hbie B §[T] HOH5ITH5I aKeueajieHmHocmh no HuAhceny tohgk nepeceneHHii 
HjiH caMOHepeceneHHii, undeKC Kjiacca Hnjibcena, cyui^ecmeeHHUu KJiacc 
HuAbcena, hucjio Hujihcena h ceoucmeo BeKena. 3thx noHHTHH ;i,ocTa- 
TOHHO ;i,ji5i nojiHoro pemeHHH sa;i,aH o nepeceneHKH h caMonepeceHennH 
saMKHyTbix KpHBbix Ha HOBepxHOCTH. /^pyrHG (6ojiee tohkhg) hohhthh 
H HHBapnaHTbi ne 5ibji5iiotc5i ochobrbimh h BBe;i,eHbi naMH ;i,ji5i HsyneHHa 
cjieflyioiri,Hx BonpocoB. 

1) B pa6oTe |1] HcnojibsoBanbi 6es flOKasaxejibCTBa neKOTopbie Tono- 
jiornnecKHe CBOiiCTBa KjiaccoB Hnjibcena tohck nepeceneHHii h caMone- 
peceneHHH. /],ji5i ^OKasaxejibCTBa sthx cbohctb mm bbo^hm h iisynaeM 




2. OCHOBHblE OnPEAEJIEHHa 
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cjieflyioiri,He Kjiaccbi Hnjibcena: (i) cneii^uaji'bHue KJiaccu Hujihcena ToneK 
(caMo)nepeceHeHH5i; (ii) mpueuaJihHUU KJiacc Hnjibcena ToneK caMone- 
peceneHHii. 

2) KaK noKasbiBaiOT nojiynenHbie naMH OTBeTbi b aa^anax o caMO- 
nepeceHeHHH h nepecenenHH (TeopeMbi [U h [2]), cbohctbo BeKena neBbi- 
nojiHeno jxjir neKOTopbix saMKHyTbix KpHBbix h nap saMKHyxbix KpnBbix. 
BosHHKaeT 3a;:,aHa o6 HsyHennH Tex KjiaccoB Hnjibcena ToneK caMone- 
peceHeHHH hjih nepeceneHHii, KOTopbie co^ep^KaT napbi SKBHBajienTHbix 
ToneK c npoTHBonojio^KHbiMH HH^eKcaMH. Mbi HsynaeM TonojiorHHecKne 
CBOHCTBa 3THX KjiaccoB! HOKasbiBaeM, HTO OHH 5IBJI5IIOTCH (cTporo) cne- 
i],HajibHbiMH, CM. onpeflejienne [I] (c), h b cjiynae ToneK caMonepeceHenHH 
HCCJie^yeM, ckojibko h3 3thx KjiaccoB 5ibji5iiotc5i (cTporo) reoMeTpHHecKH 
cnei],HajibHbiMH. Mbi TaK>Ke naynaeM reoMeTpHHecKne CBoficTBa 3thx 
KjiaccoB: BbiHHCJiaeM hx HH;:,eKCbi, nojiyHH;:,eKCbi h HaHMenbinee hhcjio 
ToneK B Ka>K;:,OM Kjiacce; BbiHCHseM, KaKne h3 hhx hbjihiotch cymecTBeH- 

HblMH, a KaKHe (cTpOro) fle(|)eKTHBHbIMH. 

3) TaK KaK cbohctbo BeKena HeBbinojineno (cm. Bbime), npe;i,CTaB- 
jiMCTCH ecTecTBCHHOH sa^ana o BBe;:,eHHH 6ojiee tohkoto OTHomeHHH 

SKBHBajICHTHOCTH Ha MHO^KCCTBC TOHCK (caMo)HepeCeHeHH5I, HCM 3KBH- 

BajiCHTHOCTb HO HnjibccHy, a TaK>Ke 6ojiee tohkoto hoh5ith5i HH^CKca 
Kjiacca, H o6 HsynenHH BbiHOJiHenHH anajiora CBOHCTBa BeKena ^jih 
nojiyneHHbix 6ojiee tohkhx HHBapnaHTOB. B cbhsh c 3thm mm bbo- 
;i,HM cjie^yiomne noH5iTH5i: (i) cmposo SKeueaAeHmHue no Hujihceny 
TOHKH caMonepeceHCHHii; (ii) nojiyundeKC Kjiacca Hnjibcena tohkh (ca- 
Mo)nepeceHeHH5i h Heo6xo;:,HMbie nero noHHTHH caMOCOKpaui^awui^eu 
moHKU (caMo)nepeceHeHUH h de^eKmuenoso Kjiacca Hnjibcena; (iii) deo- 
MempuHecKaM mouna caMonepeceneHUM, undeKC ee Kjiacca Hnjibcena 
(hhcjio Hnjibcena ^jih reoMCTpHnecKHx tohck caMonepeceneHHa OKasbi- 
BacTCM 6ojiee tohkhm HHBapnaHTOM, hcm hhcjio Hnjibcena fljiH tohck 
caMonepeceHCHHii, cm. saMenaHne [2] h a63aii,bi, pacnojio^KCHHbie ;:,o h 
nocjie cjie^CTBHH [3]) h ecTecTBCHHO BOSHHKaiomee noHHTne deoMempu- 
HecKU cneyuaAhHou tohkh caMonepeceneHHii; (iv) nojiyundeKC Kjiacca 
Hnjibcena reoMCTpHHecKOH tohkh caMonepeceHeHHM h Heo6xo;:i,HMbie 
Hero noHHTHH caMOCOKpaui^awui^eu h seoMempuuecKU caMOCOKpaui^awui^eu 
TOHCK caMonepeceneHHH, dec^eKmuenoso KJiacca reoMCTpHnecKHx tohck 
caMonepeceneHHii. Mbi noKasbiBacM, hto cooTBeTCTByiomne "6ojiee toh- 
KHe" HHCJia Hnjibcena A/^/*[7i,72] h NI*['y], k co^KajiCHHio, coBna^aioT 
c o6biHHbiMH (paccMOTpeHHbiMH B §[T]) , no3TOMy ;:,a>Ke fljiH 3thx 6ojiee 
TOHKHX HHBapnaHTOB aHajiOT CBOHCTBa BeKena HeBbiHOJinen. 

3aMKHyTa5i KpHBaa na MHoroo6pa3HH nasbiBaeTCii coxpauHWVui^eu opu- 
eHmayuw, ecjin jioKajibHaa opHeHTaii,H5i MHoroo6pa3H5i coxpaH5ieTC5i npH 
HenpepbiBHOM nepeneceHHH opHeHTai],HH b^ojib 3toh kphboh. B npoTHB- 
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PhC. 1. BoSHHKHOBeHIie SKBHBajieHTHblX PhC. 2. B03HIIKH0BeHHe TpHBHajIbHOH 

ToneK caMonepeceneHHs tohkh caMonepeceneHHa 

HOM cjiynae saMKHyTaii KpHBaa nasbiBaeTCii MeuHwyu^eu opuenmav^uH). 

ripH o6iii,eH ^e4)opMai],HH napbi saMKHyTbix kphbbix 71,72: ^ S 
Ha noBepxHOCTH .S* tohkh nepeceneHHii coxpaH5iK)TC5i, jinnib cjierKa ^e- 
4)opMHpy5icb, 3a HCKjiioHeHHeM HeKOTopbix SHaHeHHH napaMeTpa roMO- 
TonHH, npH KOTopbix npoHCxo;:,HT B03HHKH0BeHHe/yHHHT0>KeHHe na- 
pbi ToneK (cm. pnc. 1). Hpn o6iri,eH fle4)opMai],HH saMKHyTOH kphboh 

7: ^ S B03M0>KH0 TaK>Ke B03HHKH0BeHHe/yHHHT0>KeHHe OflHOH TOH- 

KH caMonepeceneHHii (cm. pnc. 2). 

OKpy^KHOCTb ;:,ajiee paccMaTpHBaeTca KaK a5ejieBa rpynna M/Z, 
o6pa3 HHCJia t G M npn npoeKi],HH M^IR/Z = 5'-'" o6o3HaHaeTC5i Hepe3 t. 

Onpe^ejieHHe 1. (a) Ha30BeM mouKou nepeceuenuM Kpn- 
Bbix 71,72: -S*^ S jiio6yK) napy {vi,V2) G x co cboh- 

CTBOM 71(^1) = 72 ('^^2)- AnajiorKHHO moHKOu caMonepeceueHUM kphboh 
7: ^ S Ha3biBaeTC5i jHo6a5i napa (^1,^2) E x , vi ^ V2, co cboh- 

CTBOM 7(l'l) = 'y{v2)- Hepe3 M/[7i,72] 0603HaHHM MHHHMaJIbHOe HHCJIO 

TOHCK HepeceneHHH kphbbix 7^ h 72 cpe^H Bcex nap KpHBbix (71,72), 

7^ ~ 7^. MHHHMajIbHOe HHCJIO M/[7] TOHCK CaMOHepeCeHCHHil KpHBOH 7 

OHpe;i,eji5ieTC5i KaK MHHHMajibHoe hhcjio tohck caMOHepeceHCHHii cpe;i,H 

BCeX KpHBblX 7' ~ 7^3 

(b) TOHKH HepeceHeHHH {vi,V2) H {v'i,V2) KPHBBIX 71,72 Ha3bIBaK)T 

aKeueaAenmnuMU no HuAhceny, ecjin cym,ecTByK)T nyxn ai : [0, 1] , 

i = 1,2, CO CBOHCTBaMH 

ai{0) = Vi, ai{l)=v-, 71 o «i ~a 72 o (2) 

* B 3TOM onpe^ejieHHH HMeeTca CBoa tohkoctb, a HMeHHO, ^^jih tohkh caMonepece- 

HeHHH {Vl,V2) E X KpHBOH 7 TOHKa {v2,Vl) E X TOJKe HBJiaeTCH TOHKOH 

caMonepeceHeHHH SToii >Ke kphboh, h o6e tohkh yHHTBiBaiOTCH b HHCJie M/[7] , xoth 
Hx o6pa3Bi B 5* coBna/],aiOT. 



10 



AnajiornHHO tohkh caMonepeceneHHii {vi,V2) h (^2,^2) kphboh 7 naso- 
BeM aKeueajienmnuMU no HuAhceny, ecjiH ohh 5ibji5iiotc5i SKBHBajienT- 
HbiMH no Hnjibceny TOHKaMH nepeceneHHii napbi kphbbix 7,7. Ecjih npn 
3TOM ai{t) 7^ 0^2 (^) A-^^ Jiio6oro t G [0,1], to tohkh caMonepecene- 
HH5I {vi,V2) H ('f^i,'i^2) HasoBeM cmpo20 9K6U6aAenmnuMU no HuAhceny. 
CTporo SKBHBajieHTHbie tohkh caMonepeceneHHii noKasanbi na pnc. 1 
cnpaBa. 

ToHKa caMonepeceHeHHH {vi^V2) nasbiBaeTCH mpueuaAbuou hjih 9k- 
eueajienmnou nyjiw, ecjin cym,ecTByeT nyTb a : [0, 1] co CBoficTBa- 

MH 

a{0) = vi, a{l) = V2, 7 o a ~Q 0. 

TpHBHajibHaa TOHKa caMonepeceneHHii noKasana na pnc. 2 cnpaBa. Tpn- 
Bnajibnbie tohkh caMonepecenennii oGpasyiOT Kjiacc Hnjibcena, KOTopbin 
6y;:,eM nasbiBaxb mpueuajihuuM KJiaccoM Hujihcena] on mo^kgt 6biTb 
nycTbiM. 

TonKy caMonepecenenna {vi,V2) KpnBon 7 nasoBeM deoMempunecKU 
cneyuajibHou, ecjin ona SKBHBajienxna TonKe {v2,vi). Ecjih npn stom 
cooTBeTCTByion],aH ncTjia j o ai coxpanacT opHenTan,Hio ncKOTopon 
napbi nyxen ai,a2 b (12]), TonKy caMonepecenenna nasoBCM seoMempuue- 
CKU caMOCOKpaut^awui^eu. 

(c) Cjie^H [1, onpe^ejienne 2.2 (c, d)], mm nasoBCM TonKy nepe- 

cenenna {vi,V2) KpnBbix 71,72 cneyuaAhHOi^, ecjin cyn],ecTByeT napa 
nnceji p^q ^Ta, (p^q) 7^ (0,0), TaKaa, hto saMKnyTbie nyxn 

Si{t) ---fiivi+pi) H (52(t) := 72^ +^), 0<t<l, 

roMOTonnbi OTnocnxejibno Konn,OB na noBepxnocTn S. Ecjih npn 3tom 
ncTjiH 61 MeniiCT opnenTan,nio fljiii ncKOTopon napbi p,q, Tonxa nepe- 
cenennii nasbiBacTCii caMOCOKpam^awiii^eu (stot TcpMnn BBe;i,en b [1] ;i,ji5i 
sa^ann o coBnaflennn). Mo>Kno noKaaaTb, hto TonKa, SKBHBajienTnaa 
cnen,najibnoH hjih caMOCOKpain,aioin,eH, to^kc 5iBji5ieTC5i cnen,HajibnoH hjih 
caMOCOKpain,aioii],eH cooTBCTCTBenno; nosTOMy KoppcKTno onpe;i,ejienbi 
cneu^uajihHue KJiaccu Hujihcena h dec^eKmuenue KJiaccu Hujihcena to- 
ncK nepecenenHH (Kjiacc Hnjibcena nasbiBacTCH de^eKmuenuM, ecjin on 
cocTOHT H3 caMocoKpain,aioin,Hx tohck [4]). 

^ Onpe/i,ejieHHe cneii,HajibHOH tohkh nepeceneHHii ;i,onycKaeT cjie;i,yiomyio nepe4)op- 
MyjiHpoBKy: tohke nepeceHeHHH HEjiaeTCH HecneUfUaAtHou b tom h tojibko tom cjiynae, 
Kor;],a ^jia jiio6oh SKBHBajieHTHoii eii tohkh roMOTonHHecKHii Kjiacc (oTHOCHTejibHO 
kohij,ob) Ka>K;],oro nyTH ai na 5*^ h3 onpe^ejieHHH [1] (b) onpe;:],ejieH o/i,H03HaHHO, 
i = 1,2, T.e. He saBHCHT ot Bbi6opa napti nyTeii ai,a2- 



11 



ToHKy caMonepeceneHHii kphboh 7, a TaK>Ke ee Kjiacc Hnjibcena, 
HaaoBeM cneii^uaAhHou, ecjiH ona 5iBji5ieTC5i cneii,HajibHOH tohkoh nepece- 
HeHHH napbi kphbbix 7,7. AnajiornHHO TOHKy caMonepeceHeHHH kphboh 
7 HasoBeM caMOCOKpaut^awui^eu, a ee Kjiacc Hnjibcena decf)eKmu6HUM, ecjiH 
OHa 5iBji5ieTC5i caMOCOKpairi,aioiri,eH tohkoh nepeceneHHa napbi KpHBbix 

7,7- 

EcjiH B onpe;:,ejieHHH cneii,HajibHOH (cooTBeTCTBenHO reoMeTpHnecKH 
cnei],HajibHOH) tohkh caMonepeceneHHii najio^KHTb ycjiOBHe p = q 

(cOOTBeTCTBeHHO yCJIOBHe CTpOrOH 3KBHBajieHTHOCTH) , nojiyHHM nOHH- 

THH cmpodo cneu^uaAhHou, cmposo caMOCOKpaui^atoui^eu (cooTBeTCTBeHHO 
cmpodo deoMempunecKU cnei^uaAhHou, cmpodo deoMempunecKU cauoco- 
Kpavu^awvu^eu) ToneK caMonepeceneHnH. Mo>kho noKasaTb, hto ecjiH toh- 
Ka caMonepeceneHHii 5iBji5ieTC5i CTporo cnei],HajibHOH (cooTBeTCTBeHHO 
CTporo caMOCOKpairi,aioii],eH, CTporo reoMeTpHnecKH cnei],HajibHOH, CTporo 
reoMeTpHHecKH caMocoKpairi,aioiri,eH) , to Bce tohkh ee Kjiacca Hnjibcena 
TO>Ke 5IBJI5IIOTC5I TaKOBbiMH; HOSTOMy KoppeKTHO onpe^ejieHbi cmpodo 
cneii^uajibHue Kjiaccbi Hnjibcena, cmpodo dec^eKmuenue Kjiaccbi Hnjibce- 
Ha (x.e. cocT05iiii,He h3 CTporo caMocoKpaiii,aioiri,Hx TOHex) h cmpodo deo- 
MempunecKU cnev^uaAhuue Kjiaccbi Hnjibcena ToneK caMonepeceneHHii. 

(d) Hndenc HSOJinpoBanHOH tohkh h Kjiacca ToneK nepeceneHHa 
KpHBbix 71,72: S Ha noBepxHOCTH S onpe^ejiHM KaK b ([T]) fljia 

Xi = X2 = S^, Y = HHAeKC Kjiacca Hnjibcena ToneK nepecene- 
HH5I npHHHMaeT 3HaHeHH5i HjiH B rpynne Z b cjiynae opneHTHpoBaHHOH 
noBepxHOCTH hjih b rpynne Z2 = Z/2Z b cjiynae neopnenTnpyeMOH 
noBepxnocTH S (a TaKxce b cjiynae undenca no ModyAW 2), hjih b 
Z+ = {/c G Z I /c > 0} B cjiynae Tax nasbmaeMoro nojiyundeKca p, S], 
onpe;:,ejiennoro nyTb nn^Ke. Kjiacc Hnjibcena ToneK nepecenenna na- 
3biBaeTC5i cyui^ecmeeHHUM, ecjin ero nn^eKC ne nyjib; hucjio Hujihcena 
A^/[7i,72] ToneK nepecenennii 5iBji5ieTC5i nncjiOM cyn],ecTBennbix KjiaccoB. 
Hncjio KjiaccoB Hnjibcena, HMeion],Hx nenyjieBon nojiyHn/],eKC, o6o3nanHM 
nepes A^/*[7i,72]- Hcno, hto 

M/[7i,72] > A^r[7i,72] > A^/[7i,72]- 

EcjiH nncjia M/[7i,72] n A/^/[7i,72] coBna;:,aiOT, mm CKa^KeM, hto Bbinoji- 
naeTCH ceoucmeo Benena Oah aadanu nepecenenuu (cm. saMenanne [2] 
nn^Ke) . 

■''MojKHO noKaaaTb, hto HH^eKC HSOjinpoBaHHoii tohkh nepeceHeHHH kphbbix paBen 
0, ecjiH B SToii TOHKe nepeceneHHe Heco6cTBeHHoe, T.e. ycTpanHMO MajiBiM ineBejieHHeM 
KpHBBix. B cjiynae co6cTBeHHoro nepeceHeHHH HH/i,eKC tohkh (^1,^2) paBen 1, ecjiH 
nojio^KHTejiBHaa nojiyBeTBB ^2\{t2,t2+s) BTopoii KpHBoii jiejKHT "cjieBa" ot bgtbh 
7i|(tj^_g^tj^+e) nepBoii KpHBoii, h paBen —1 b hpothbhom cjiynae. 3;i,ecB e — Majioe 
nojioJKHTejiBHoe hhcjio. 
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EcjiH Kjiacc Hnjibcena fle4)eKTHBeH (cm. (c)), ero nojiyundeKC onpe- 
fl^eji^eTC^ KaK o6pa3 mod 2-HH;],eKca npn Bjio^KennH Z2 = Z/2Z ^ Z_|_, 
nepeBOfliimeM 2Z 1-^ 0, 1 + 2Z 1-^ 1. /^jih He;:,e4)eKTHBHoro Kjiacca 
Hnjibcena tohck nepeceneHHii kphbbix 71 , 72 , cocToamero h3 Hsojinpo- 
BaHHbix ToneK nepeceHeHHH, noAyundenc onpe;:i,ejiHeTC5i KaK a6cojiiOTHoe 
SHaneHHe cyMMbi HH;:,eKCOB tohck nepeceneHHii h3 SToro Kjiacca, r^e hh- 
;:,eKCbi ToneK nepeceneHHii onpe;:,ejiHK)TC5i npn noMOiii,H "corjiacoBannbix" 
jiOKajibHbix opHeHTai],HH noBepxHOCTH. A HMeHHO, jioKajibHaii opneHTa- 

I],H5I B TOHKe ^l{v'i) = 72 ('^^2)' ^ nOMOIII,bK) KOTOpOH OnpefleJI5ieTC5I HH^eKC 

TOHKH nepeceHeHHH {v[,V2)j nojiynaeTCii h3 jiOKajibHOH opHeHTai],HH b 
TOHKe 71 (vi) = 72(^^2)? c noMOiri,bio KOTopofi onpe;:,eji5ieTC5i HH;:i,eKC toh- 
KH nepeceHeHHH {vi,V2), nepeneceHneM B^ojib cooTBeTCTByioiri,ero nyTH 
71 o CM. (12]). HojiyHH^eKC Kjiacca Hnjibcena ne saBHCHT ot Bbi6opa 
napbi nyTCH ai h3 (b) b CHjiy He^e4)eKTHBHOCTH 3Toro Kjiacca. 

/],ji5i saMKHyTOH KpHBOH 7 Ha S* TaKHM ^KC nyTCM onpe;:,eji5iiOTC5i 
noH5iTH5i undenca HexpHBHajibHoro (cm. (b)) Kjiacca Hnjibcena tohck 
caMonepeceHCHHii (hh^^ckc TpHBnajibHoro Kjiacca nojiaracTCii paBHbiM 
Hyjiio), cym^ecmeeHHOso KAacca To^eK caMonepeceHeHHH, uucjia HuAhcena 
NI[y] TOHCK caMonepeceHeHHH, ceoucmea BeKena djin sadauu o caMone- 
pecenenuu. IJojiyuHdeKC HCTpHBHajibHoro Kjiacca Hnjibcena tohck caMO- 
nepeceneHHii onpe^ejiaeTCii c HcnojibsoBaHHeM noHiiTHa /i,e4)eKTHBHoro 
Kjiacca TOHCK caMonepeceHCHHii. Hpn paccMOTpennH KjiaccoB CTporofi 
SKBHBajieHTHOCTH HO HnjibccHy TOHCK caMonepeceHCHHii (cm. (b)) no- 
jiynaroTCH aHajiorHHHbie hohhthh, npn 3tom ^jih onpe;i,ejieHH5i nojiyuH- 
deKca Kjiacca CTporofi SKBHBajieHTHOCTH HcnojibsyeTca noHHTHe CTporo 
;:,e4)eKTHBHoro Kjiacca Hnjibcena tohck caMonepeceneHHii, cm. (c). Hhcjio 
KjiaccoB CTporofi SKBHBajieHTHOCTH no Hnjibceny, hmcioiuhx HenyjieBOH 
nojiyHH;:,eKC, o6o3HaHHM nepes NI*['y]. Kohchho, 

M/[7] > A^/*[7] > A^/[7] 

H HHCJia Hnjibcena NI['y] h A^/*[7] 5ibji5iiotc5i HHBapnaHTaMH CBo6o;i,Horo 
roMOTonnnecKoro Kjiacca saMKnyTofi kphboh. 

(e) riycTb {vi,V2) — TOHKa caMonepeceneHHii kphboh 7. Heynopii- 
fl^OHeuuyK) napy {^1,^2} nasoBCM aeoMempuuecKou moHKOu caMonepece- 
nenuH 7. FeoMeTpHHecKne tohkh caMonepeceneHHii {^1,^2} h {^i5'^2} 
HaaoBCM 9K6U6ajienmnuMU no HuAhceny, ccjih TOHKa {vi,V2) SKBHBa- 
jiCHTHa {v[,V2) HjiH {v2,v[). HudeKC reoMCTpHHecKOH TOHKH caMone- 
peceHCHHii H ee Kjiacca Hnjibcena onpe^ejiHM no MO^yjno 2 (t.c. nn- 
fl^eKC reoMeTpnnecKOH tohkh paBcn 1, ecjin caMonepecenenne co6cTBen- 
noe, H nnflCKC paBcn 0, ecjin caMonepecenenne neco6cTBennoe). O60- 
snanHM nepea M/geom[7] MnnnMajibnoe nncjio reoMeTpnnecKHx tohck 
caMonepecenenna KpnBon 7' cpe^n Bcex KpnBbix 7^ ~ 7 (oneBH;:,no, 
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-^^geom[7] = I ^^[7]); ^epea A^/geom[7] ^ HHCJIO CyiI],eCTBeHHbIX KJiaCCOB 

Hnjibcena reoMeTpHnecKHx ToneK caMonepeceHeHHH 7. 

IJoAyuHdeKC Kjiacca Hnjibcena reoMeTpHnecKHx ToneK caMonepece- 
HeHHH onpeflejiHM anajiornHHO (d). A HMenno, Kjiacc Hnjibcena reoMeT- 
pHHecKOH TOHKH caMonepeceHeHHH {vi,V2} nasoBeM dec^eKmuenuM^ ecjiH 
TOHKa caMonepeceneHHii {vi,V2) 5iBji5ieTC5i caMocoKpairi,aioiii,eH hjih reo- 
MeTpHHecKH caMocoKpairi,aioii],eH (cm. (b, c)). /I^jih ;:,e4)eKTHBHbix KjiaccoB 
onpe^ejiHM nojiyHH;],eKC npn noMOiii,H mod 2-HH^eKca, a flji5i ne^ecJ^eK- 
THBHbix KjiaccoB onpe^ejiHM nojiyHH^eKC TaK. HojiyHH^eKC Kjiacca Hhjib- 
cena reoMeTpHnecKOH tohkh caMonepeceHeHHH {vi,V2} onpeflejiaeTca 
jih6o KaK nojiyHH;:i,eKC Kjiacca Hnjibcena tohkh caMonepeceHeHHH {vi,V2) 
(cm. (d)), ecjiH TOHKa {vi,V2) He 5iBji5ieTC5i reoMCTpHHecKH cneii,HajibHOH 
(cm. (b)), jih6o KaK nojiOBHHa SToro nojiynn^eKca, ecjin TOHKa {vi,V2) 
5iBji5ieTC5i reoMCTpHHecKH cnei],HajibHOH. 

AnajiornHHO onpe/i,eji5iiOTC5i Kjiaccbi cmpodo dKGueaAenmnux no 
Hujibceny reoMCTpHHecKHx tohck caMonepeceneHnH; undenc TaKoro 
Kjiacca onpe^ejiHCTCii no MO/],yjiK) 2, a noAyundeKC onpe^ejiaeTCH TaK. 
Kjiacc Hnjibcena reoMCTpHHecKOH tohkh caMonepeceneHKH {^1,^2} Ha- 
aoBCM cmpodo dec^eKmuenuM, ecjin TOHKa caMonepeceHenHH (^1,^2) ^b- 
jiHCTCii CTporo caMOCOKpairi,aK)iii,eH hjih CTporo reoMCTpHnecKH caMOCO- 
Kpan],aK)n],eH, cm. (c). Ecjih Kjiacc CTporoH SKBHBajiCHTHOCTH reoMCTpn- 
HecKOH TOHKH caMonepeceHCHHii {vi,V2} CTporo fle4)eKTHBeH, ero nojiy- 
undenc onpe^ejiiieTCii npn noMOiri,H mod 2-HH/i,eKca. Ecjih 3tot Kjiacc ne 
aBjiHCTCii CTporo ;i,e(|)eKTHBHbiM, ero noAyundenc OHpe^ejiaeTCii jih6o KaK 
HOJiyHH;i,eKC Kjiacca CTporoii SKBHBajiCHTHOCTH TOHKH caMonepeceneHHa 
(^1,^2) (cm. (d)), ecjiH TOHKa {vi^V2) He hbjimctcm CTporo reoMCTpHnecKH 
CHeH,HajibHOH (cm. (c)), jih6o KaK HOJiOBHHa 3Toro HOJiyHH;i,eKca, ecjiH 
TOHKa {vi^V2) 5iBji5ieTC5i CTpoTO reoMCTpHHecKH CHeH,HajibHOH. Hhcjio 

KJiaCCOB CTpOrOH SKBHBajICHTHOCTH reOMCTpHHCCKHX TOHCK, HMeiOn],HX 
HCHyjieBOH HOJiyHH;i,eKC, 0603HaHHM HepeS A/^^geom[7]- KOHCHHO, 

H reoMCTpHHecKHe nncjia Hnjibcena A^/geom[7] h -^^geom[7] sbji5iiotc5i 
HHBapnaHTaMH CBo6oflHoro roMOTonnnecKoro Kjiacca saMKHyTon kphboh. 

Onpe^ejiCHHii [I] (b, c) dKeueaAenmHux tohck (caMo)nepeceHeHH5i, 
cneyuaAhHou n caMOCOKpaut^awut^eu tohck (caMo)nepeceHeHii5i, a TaK>Ke 
mpueuaAhHou, seoMempuHecKU cneyuajihuou h seoMempuuecKU caMOCo- 
Kpani^awm^eu tohck caMonepeceneHHii h hx "cTpornx" anajioroB ;i,onycKa- 
lOT cjie;i,yion],yio nepe4)opMyjinpoBKy. 

Jl e M M a 1. nycmt 7,71,72: [0, 1] ^ -S* — aaMKuymue npueue. 
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(a) KacHcdou mouKe nepeceuenuM (^1,^2) Kpueux 71 w 72, vi,V2 G 
[0,1); conocmaeuM nymh Jvi,v2 — 7i|[o,i;i]72|[o\,2]^ eedym^uu us mouKU 
71(0) e moHKy 72(0) wa S . Tosda eepnu cjiedymui^ue npumepuu: 

(vi,V2), K,^^2) 3KBHBajieHTHM <^ g G Z I 7^1,^2 -a 7i7<,^^72; 

(i;i,'i;2) c^e^HaJIbHa <^ G \ {(0,0)} : 7^1,^2 ~a 7i7^;i,i;2 72; 

(i'i,'U2) caMOCOKp. <^=^ {VI1V2) cneii,HajibHa h 7^ MenaeT opHeHTai],HK). 

(b) Kaofcdou mouKe caMonepeceneHUR (^1,^2) fcpueou vi-,V2 G 
[0, 1), conocmaeuM saMKHymuu nymh 'yvi,v2 '•— 7l[o,i;i]7l[o^^;2] • Tosda 
'')vi,v2 —d lv2,vi ^ eepnu CAedytow^ue npumepuu: 

{yi,V2), 3KBHBajieHTHbi <^ G Z : 7^;i,^2 -d 7^7^;; ,4 7^; 

(-ui, i;2) TpHBHajiBHa <^=^ lv-i,v2 —d 7^ A-^^ HeKOToporo p ^'L; 

(vi, V2) c^e^HaJIbHa <^ 3(p,g) G Z^ \ {(0,0)} : 7^i,^;2 ~a Ylvi,v2l'^\ 

{vi,V2) reoM. c^e^HaJIbHa G Z : 7^^,^;2 -5 7^7^7i!7;2 7^; 

(^'l,^'2) caMOCOKp. <^=^ ('f^i,'f^2) cnei];HajibHa h 7^ MenaeT opneHTai^Hio; 

. s I ('Ui,t'2) reoM. cneiiHajibHa h 

(?;i,?;2) reoM. caMOCOKp. <^=^ \ -a 

^ ' ^ ^ 17 ^7t,i,i;2 coxpanacT opHeHTaii,Hio; 

{vi,V2), {v'i,v'2) SKBHBajieHTHbi* 3^ G Z : 7^,,^2 -d 7~^7^;,^;^7'^; 

{vi,V2) c^e^HaJIbHa* 3g G Z \ {0} : 7^;i,^2 -d 7~^7t;i,t;2 7^; 

(vi,'i;2) reoM. cnei^najibHa* 3g G Z : 7^1,^2 —a 7^~^7^7i!^;2")'^5 

{vi^V2) caMOCOKp.* <^=^ {yi-,V2) cneLi,HajibHa* h 7*^ MenaeT opncHT.; 

/X * f (^^i,^^2) reoM. cnennajiBHa* h 

[vi,V2) reoM. caMOCOKp. <^=^ s -o 

^ ' ^ ^ 17 ^77;i,7;2 COXpaHHCT OpHeHTailjHIO , 

dde nocjiednue n^mb Kpumepuee omHocnmcH k cmpodo dKeuea/ieHmnuM 
no HuAbceny moHKaM caMonepeceuenuM u coomeemcmeyioinuM non^mu- 
rm: cmpo2o cnen^uaAhnou, cmposo seoMempuuecKU cne'nuaAbnou u m.n. 
moHKaM caMonepecenenuH, sde seesdouna * osnauaem ^'cmposo". 3decb 
rj := sgn(v2 - vi) , rji := sgn (v' - Vi + e) , i ^ 1,2, < e <^ I, 
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q :— g + (?7i — ?72)/2 — 1 e cjiynae pacnojiooKenun moueK na ompes- 
Ke [0,1] e yuKJiunecKOM nopndKe vi,v[,V2,V2 (gosmookho vi = v[), 
q := g + (?7i — ?72)/2 + 1 npu pacnojiocHcenuu moueK e odpamnoM 
y^uKAUuecKOM nop^dne (bosmochcho V2 = v'2), q := q + {rji — ?72)/2 e 
ocmaAbHux CAynanx. □ 

B HacT05iiri,eH pa6oTe naM noH5i;:,o6HTC5i jinnib KpHTepHH SKBHBajieHT- 
HOCTH ToneK (caMo)nepeceHeHH5i (cm. nepByio 4)opMyjiy jieMMbid] (a, b)), 
;i,OKa3aTejibCTBO KOTopbix He npeflCTaBjiiieT Tpy;:i,a. nepe(|)opMyjiHpoBKH 
ocTajibHbix noHHTHH npHBe^eHbi b jieMMe [I] ^jih nojiHOTbi HSJio^KeHHa. 

n p H M e p. Hs jieMMbi [T] jierKO bh^ho, hto TpHBHajibHaa toh- 
Ka caMonepeceneHHii kphboh 7 HBjiaeTCii cneii,HajibHOH, CTporo cnei],H- 
ajibHOH, reoMeTpHHecKH cnei],HajibHOH h reoMeTpHnecKH caMocoKpaiii,a- 
ioiri,eH. TpHBHajibHaii TOHKa iiBjiaeTCH CTporo reoMeTpHnecKH cnei],Hajib- 
HOH (cooTBeTCTBeHHO CTporo reoMeTpHHecKH caMocoKpairi,aioiri,eH, caMO- 
coKpaiii,aioii],eH, CTporo caMOCOKpaii],aioiii,eH) Tor;:,a h tojibko Tor^a, Kor^a 
KpHBaa 7 CT5irHBaeMa (cooTBeTCTBeHHO CT5irHBaeMa, MenaeT opneHTa- 
i],Hio, MenaeT opHeHTai],Hio) . 

SaMenaHHe 1. Hhbojiioij,hh (vi, V2) ^ {v2, vi) Ha MHOy^ecTBe 
int (7) ToneK caMonepeceneHMH nepeBO^HT Kjiaccbi Hnjibcena b Kjiaccbi 
Hnjibcena, nosTOMy ona HH^yn^npyeT hheojuou^hio na MHOy^ecTBe KjiaccoB 
HHjibcena ToneK caMonepeceneHnH. 3Ta hhbojik)I],h5i nepeBO^HT cymecT- 
BeHHbie Kjiaccbi Hnjibcena b cymecTBeHHbie, cnei],HajibHbie b cneii,Hajib- 
Hbie, ;:i,e4)eKTHBHbie b fle4)eKTHBHbie, a TpHBHajibHbiH Kjiacc ocTaBjiaeT na 
MecTe. 3aMeTHM, hto jiio6oh Kjiacc, ocTaBjiaeMbiH HHBOJiioii,HeH na Mecxe, 
HBji5ieTC5i mod 2-Hecyiii,ecTBeHHbiM (xaK KaK tohkh b TaKOM Kjiacce 
BOSHHKaiOT napaMH: {vi,V2) ~ iv2,vi)). HosTOMy reoMeTpHnecKH cnei],H- 
ajibHbie (T.e. HHBapnaHTHbie OTHOCHTejibHO hhbojiioi],hh int (7) int (7) , 
{vi,V2) 1-^ {v2,vi)) Kjiaccbi Hnjibcena ToneK caMonepeceneHHii ne hbjih- 
K)Tca mod 2-cyiii,ecTBeHHbiMH. OxMeTHM, hto TpHBHajibHbiH Kjiacc no 
nameMy onpeflejiennio necyn^ecTBen. 

SaMenanne 2. Ecjin OTjinnnbie ot nyjiii nojiynn^eKCbi KjiaccoB 
Hnjibcena paBHbi 1 (hto, b ;:,eHCTBHTejibHOCTH, HMeex MecTO no xeopeMaM 
[I] H [2]), TO nonHTHe cynj,ecTBennoro Kjiacca Hnjibcena (a noTOMy n 
HHCJio Hnjibcena) coBna^aeT ^jih paccMOTpennbix b onpe^ejiennn [T] (d) 
Tpex TnnoB nn^eKca. /I^jih nnceji Hnjibcena, onpe^ejiennbix c noMon],bK) 
Hn;:,eKCOB b rpynne Z2, JierKO npoBepaeTCii n,enonKa nepaBencTB 

M/[7] = 2M/geom[7] > 27V/geom[7] > (3) 

(nocjie;:,nee nepaBencTBO cjieflyeT ns Toro, hto mod 2-cyn],ecTBennbie 
Kjiaccbi ToneK caMonepecenennii ne nnBapnanTnbi OTnocHTejibno nnBO- 
jnon,HH {vi,V2) ^ iv2,vi), CM. saMenanne [I]). SnannT, ^jih jno6oH 
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saMKHyTOH KpHBOH 7, o6jia;i,aioiri,eH cbohctbom BeKena MI[^] = NI['y] 
fl/L5i ToneK caMonepeceneHHii, Bepno paBencTBO A/"/ [7] = 2 A/'/geom [7] h 
BbinojiHeno ceoucmeo Benena Oah geoMempuuecKux moueK caMonepece- 

eom ii\ ■ 

Onpe^ejieHHe 2. (a) KjiaccaMU PaudeMaucmepa saMKHyTofi 
KpHBOH 7 HasoBeM ^BycTopoHHHe CMe^KHbie Kjiaccbi Z^gZry^ g G 
7(0)) , rpynnbi 7ri((S', 7(0)) no n,HKjiHHecKOH no;:i,rpynne Z^, nopoxc- 

^eHHOH rOMOTOHHHeCKHM KJiaCCOM KpHBOH 7. HhCJIO RI[^] KJiaCCOB 

PaH;:,eMaHCTepa nasoBeM hucjiom PaudeMaucmepa djiH caMonepeceuenuH 
saMKHyTOH KpHBOH 7. HoflMHO^KecTBa BH;:,a {ZjgZ^)U{Z^g~^ Zj) rpynnbi 
7^1 (-S*, 7(0)) naaoBeM seoMempuuecKUMU KAaccaMU PaudeMaucmepa Oam 
caMonepecenenuH saMKnyTOH kphboh 7. Hhcjio reoMeTpnnecKHx KjiaccoB 
PaH;:,eMaHCTepa oSosnannM nepes RIgeom [j] ■ 

(b) /],Ji5i aa^ann o nepecenennn mo>kho bbgcth noxo^Kne no- 
nsTHii: Kjiaccu PaudeMaucmepa napu saMKuymux npueux 71,72 c 
71(0) = 72(0) 5iBjiHK)TCH ;:,BycToponnHMH CMe^KHbiMH KjiaccaMH Z^^gZ^^ 
no n,HKjiHnecKHM no^rpynnaM Z^^, Z^^. Hhcjio i?/[7i,72] KjiaccoB PaH/i,e- 
MaHCTepa nasoBeM hucjiom PaudeMaucmepa djiH nepeceuenuH saMKnyxbix 
KpHBbix 71 , 72 • 

Hs nepBOH 4)opMyjibi jieMMbi [U (a, b) cjie;:i,yeT, hto ^jih jno6oH napbi 

KpHBblX 7l,72, TaKOH, HTO 7^ ~ 71 , 7^ ~ 72 H 7^(0) = 72(0), 

HMeeTCH BsaHMHO-OflHOsnannoe cooTBeTCTBne yie^ji^ KjiaccaMH Hnjibce- 
na ToneK nepecenennii 7i , 72 h neKOTopbiMH KjiaccaMH FaiifleMaHCTepa 
napbi KpHBbix 71, 72- Anajiornnno, jxji^l jiio6oh kphboh 7' ~ 7 HMecTca 
BsaHMHO-Oflnosnannoe cootbctctbhc Me>K;i,y KjiaccaMH Hnjibcena tohck 
caMonepecenenHH 7' n ncKOTopbiMH KjiaccaMH PaH;i,eMaHCTepa kphboh 
7, H anajiornnno flji5i reoMeTpnnecKHx KjiaccoB. Cjie;i,OBaTejibno, 



7V/[7] < i?/[7], 7V/[7l, 72] < i?/[7l, 72], A^/geomW < Rlgeomb]. 



§ 3. SAMKHYTHE KPHBblE HA I];HJIHHAPE H JIHCTE MEBHYCA 

/],ji5i /c G Z nojioxcHM 



Cjieflyioin,He jicmmm noKasbiBaiOT, hto cboiictbo BeKena mo^kct na- 
pymaTbCH b 3a;i,anax o TonKax nepecenennii n caMonepecenennii KpnBbix 
na n,HjiHn;i,pe n jihctc MeSnyca. 3th jicmmm mbjimiotcs KjiioneBbiMH b 
;i,OKa3aTejibCTBe xeopcM [I] (b) h [2] (b). 




0, ecjiH k nencTHO 

1, ecjiH k ncTHO. 



(4) 
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Jl e M M a 2. Uycmh 7,71,72: C - saMKuymue npueue na 

v^ujiundpe C = S*-*- x [— 1, 1] , u nycmh k = deg{po'-f) 0, ki = deg(/)0 7^), 

ade p: C ^ - npoenyuH. Todda ak)6ou KAacc HuAhcena moneK cauo- 
nepecenenuH ujiu nepecenenuH Hecyiu^ecmeeH (u daoKe uede^eKmueen u 
UMeem noAyundeKC 0), u 

MI[j] =2\k\- 2, A^/*[7] = A^/[7] = 0, RI[-f] = \k\; 

M/[7i,72] = A^r[7i,72] = A^/[7i,72] = 0, 

n _ J CO, ecAU ki = k2 = 0, 

i^^[7i,72j - |gcd(A;i,A;2), ecAu \ki\ + \k2\ > 0. 

EoAee mo20, Kpuean 7 UMeem we uenee — 1 KAaccoe HuAhcena 
moneK caMonepecenenuH, Kacmduu U3 Komopux ne coenadaem c mpu- 
GUttAhHUM u codepcHcum ne uenee deyx (cmpodo dKeueaAenmHux, cm. 
onpe^ejieHHe [I] (b) J moneK caMonepecenenuH, xomn Hecyvu^ecmeen (u 
daoKe uede^eKmueen u uueem noAyundeKC {)); e monnocmu 5{k) U3 
amux KAaccoe jieAJiemcM seoMcmpunecKU cne%uaAhHUM (u dacHce co- 
cmoMUi^UM U3 cmpodo seoMcmpunecKU caMOCOKpaui^awui^ux moncK), cm. 
onpeACJieHHe [I] (b, c) h (S]). 

Cjie;:,CTBHe 1. B ycAoeuMX acmmu \E Oam saMKHymou Kpueou 
^: ^ C Ha yuAundpe omAunnue om uyAM noAyundcKcu KAaccoe 
dcoMcmpunecKux moncK caMonepecenenuH paenu 1 u 



MIgeoM = \k\ - 1, A^/geomW = A^^geomM = ^(^): 

1^1 

~2 



RIgeombf] = + 



EoAce modo, Kpueafi 7 UMcem ne Mcnee [^] KAaccoe HuAhcena deo- 
McmpunecKux moncK caMonepecenenuH, omAunnux om mpueuaAhuodo; 
e monnocmu 6{k) U3 amux KAaccoe neAHcmcH (cmpodo) seoMcmpunecKU 
cneyuaAhHUM (oh cyiu^ecmeen u cmpodo de^cKmueen), a KacHcduu us 

ocmaAhHux [^^y^] KAaccoe codepcHcum ne Mcnee deyx (cmpodo dKeuea- 

Acnmnux) seoMcmpunecKux moncK, xomn Hecyvu^ecmeen (u daoKC nede- 
^CKmueen u uueem noAyundcKC Oj. □ 

/^OKaaaTejibCTBO jicmmbi [21 Tax KaK pasHbie kphebic mo>kho 
"pasBecTH" Ha pasHBie KOMnoHCHTBi Kpaii i],HjiHH^pa, M/[7i,72] = 0. 
CjieflOBaTCJiBHO, A/^/[7i,72] = 0. TaK KaK rpynna t^i{C) = Z a6ejieBa, 
HHCJio PaHflCMaHCTepa i?/[7i,72] paBHO nncjiy sjieMCHTOB 4)aKToprpyn- 
HBi rpynnBi Z no no^rpynne, nopo>K;:i,eHHOH HHCJiaMH /ci, /c2. OTCio/],a cjie- 
^ycT, HTO i?/[7i,72] = gcd(A;i, /C2) npn {ki,k2) ^ (0,0), i?/[7i,72] = 00 
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^jiH ki = k2 = 0. PemeHHe sa^ann o caMonepeceHeHHH pa3o6beM na 
HecKOJibKO maroB. 

nias 1. PaccMOTpHM KaKyio-HH6yflb KpHByio 7' — 7, HMeiomyio 
M/[7] ToneK caMonepeceneHHii, T.e. MHHHMajibHoe hhcjio tohck caMO- 
nepeceneHHii. Ka^K^yio KpHByio 7' na i],HjiHH^pe, HMeiomyio KoneHHoe 
^HCJio ToneK caMonepeceneHHii, mo>kho npofle4)opMHpoBaTb — c coxpa- 
HeHHeM ToneK caMonepeceHeHHH h hx pasSnenHM na Kjiaccbi Hnjibcena — 
TaK, HTo6bi TOHKH 7^(0) H ^'{1/2) npHHa^jie^KajiH pasHbiM KOMnoneHTaM 

Kpa5I I],HJIHH^pa. rioSTOMy Mbl MO^KeM H 6yfleM CHHTaTb, HTO TOHKH 7'(0) 

H 7^(1/2) npHHafljie^KaT pasHbiM KOMnonenTaM Kpaa ii,HjiHH;],pa. KpHBaa 
7' cocTOHT H3 flByx HesaMKHyTbix ;:,yr 5i := 7^1 [0,1/2] ^ (52 := 7'| [1/2,1] ? 
Hanajio o;i,hoh Ayrn 5iBji5ieTC5i kohii,om flpyroH h Hao6opoT, h 9th tohkh 
npHHafljiexcaT pasHbiM KOMnonenTaM Kpaa i],HjiHH;i,pa. 

/],ji5i BbiHHCJieHHH MHHHMajibHoro HHCJia M/[7] ToneK caMonepece- 

HeHHH KpHBOH 7 paCCMOTpHM 3a;i,aHy O MHHHMajIbHOM HHCJie M/[(5l,(52] 

ToneK nepeceneHHii ^yr 5'i^5'2 b roMOTonHHecKHx Kjiaccax ;i,yr 81^82 c 
4)HKCHpoBaHHbiMH KOHi],aMH; B npoi],ecce roMOTonHH KOHi],bi flyr ocTaiOTca 
Heno/],BHxcHbiMH H, B HacTHOCTH, npHHaAJie>Kaiii,HMH Kpaio i],HjiHH^pa. 3a- 
MeTHM, HTO (5i (52, TaK KaK /c 7^ 0. HsBecTHO, HTO B 3TOH 3a;i,aHe o ne- 
pecenenHH cnpaBefljiHBO cbohctbo BeKena, a MHHHMajibHoe hhcjio ToneK 
nepeceneHHii b ^aHHbix Kjiaccax roMOTonnn HMeiOT KpHBbie, 5iBji5iioiii,HecH 

KpaTHaHniHMH OTHOCHTejIbHO HeKOTOpOH njIOCKOH pHMaHOBOH MeTpHKH 

Ha i],HjiHH/],pe, CM., HanpHMep, [133, TeopeMa 11] hjih f[3Sl theorem 2.11], 

r^e M/[(5i,(52] = A:((5i,(52), NI[8u82] = |A((5i,(52)| = |A((5i, (52)| . OTciOAa 
jierKO HaxoflHM 

M/[(5i,(52] = 7V/[(5i,(52] = |A;| + l. 

Cjie;i,OBaTejibHO, Ayrn (5i h (52 HMeiOT ne Menee + 1 ToneK nepeceneHHii, 
H3 KOTopbix flBe TOHKH (0,1) H (1/2,1/2) OTBeHaiOT KOHi],aM ^yr. TaK 
KaK J11060H TOHKe nepeceHeHHH KpoMe yKasannbix flbyx tohck OTBcnaeT 
napa ToneK caMonepeceneHHii kphboh 7', to MIIj] = 2(M/[(5i, (52] — 2). 
OTCiofla cjie^yeT Tpe6yeMoe paBencTBO MI[-f] = 2{\k\ — 1). 

Illas 2. ^JiH BbiHHCJieHHH HHCJia Hnjibcena NI['y] conocTaBHM 
Ka>K;i,OH TOHKe caMonepeceneHHii {vi,V2) kphboh 7 saMKnyTbiH nyTb 

7vi,v2 = l\[0,vi] ■ l\[o]v2] ^ ^^-^^^ HHCJio 5f^i,^2 := deg(p o 7^^^^^), r^e 
p: C - npoeKi],H5i. C yneTOM nepBOH (|)opMyjibi jieMMbi [T] (b) 

H H30Mop4)H3Ma p^: 7ri(C) ^ 7ri((S'-'-) = Z, tohkh caMonepeceneHHa 

(i'l,'L'2) H (^'^,'^^2) 3KBHBaJieHTHbI B TOM H TOJIbKO TOM CJiy^ae, KOT^a 

k I (^ 'yi,'y2 ~ 9v',,vO- CjieflOBaTejibHO, Kjiaccbi Hnjibcena tohgk caMO- 
nepeceneHHii (^1,^2) kphboh 7 naxofliiTCH bo BsanMHO-OflHOsnaHHOM 
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cooTBeTCTBHH c o6pa3aMH HHceji gvi,v2 npH npoeKi],HH Z Z/|A;|Z, i ^ i 
mod \k\. 

PaccMOTpHM KpaTHanniHe Ayrn (5^ , b roMOTonHHecKHx Kjiaccax 

OTHOCHTejIbHO KaKOH-HH6yflb njIOCKOH pHMaHOBOH MeTpHKH Ha I],HJIHHflpe. 

CooTBeTCTByiomaii aaMKHyTaa KpHBaa 7' = S[-62 HMeeT 2(|A;| — 1) ToneK 
caMonepeceneHHii; OTBenaiomHe hm 2(|/c| — 1) HHceji gvi,v2 o6pa3yiOT mho- 
xcecTBO {±1, ±2, . . . , ±(|A;| — 1)}; npn 3tom TOHKa, OTBeHaioiri,a5i HHCJiy 
zbz, HMeeT HH;:,eKC ±1 npn no;:,xo;:i,5iii],eM Bbi6ope opHeHTaii,HH u^njiniiflpa,. 
TaK KaK yKasaHHoe MHO^KecTBO nnceji pacna;:i,aeTC5i na napbi HHceji BH^a 
{i,—{\k\ — z)}, paBHbix B rpynne Z/|A;|Z, to OTBenaiomHe Ka^K^ofi nape 
HHceji TOHKH caMonepeceHeHHH kphboh 7' o6pa3yiOT Kjiacc Hnjibcena 
H HMeiOT npoTHBonojio^KHbie HHfleKCbi. riosTOMy Bce Kjiaccbi Hnjibcena 
HecymecTBeHHbi, T.e. NIlj] = 0. TaK KaK ii,HjiHHflp opnenTHpyeM, Bce 
Kjiaccbi HeAe4)eKTHBHbi, a noTOMy HMeroT nojiynn^eKC 0. 

nias 3. HoKa^KeM, hto jxji^ jiK)6oro i G {1,2,...,|A;| — 1} KpHBaa 7 
HMeeT He Menee ^Byx ToneK caMonepeceneHHii b Kjiacce Hnjibcena, OTBe- 
HaiomeM 3jieMeHTy i mod G Z/|A;|Z, cm. mar 2. KaK na mare 1, Ka>K- 
;i,yK) (ho y>Ke ne o65i3aTejibHO HMeiom,yK) MI[^] tohck caMonepeceHeHna) 
KpHByio 7" ~ 7, HMeK)n],yK) KOHennoe hhcjio tohck caMonepeceneHHii, 
mo:»<:ho npo;:i,e4)opMHpoBaTb — c coxpaneHneM tohck caMonepeceHenHH h 
Hx pasSneHHH na Kjiaccbi Hnjibcena — TaK, HTo6bi tohkh 7^(0) h 7" (1/2) 
npHHa^jie^KajiH pasHbiM KOMnonenTaM dC ^ nocjie nero mo>kho paaSnTb 
ee na ^Be (ne oSasaTejibHO npocTbie) Ayrn: ^" = d'l • 62- Ka>K;:i,a5i TOHKa 
caMonepeceHeHHH kphboh 7'' OTBenaeT jih6o tohkc caMOHepeceneHHa 
o;:,HOH H3 ;:,yr 61 hjih 62, jih6o tohkc HepeceneHHii poBHO o;:i,hoh h3 nap 
fljr {61,62) HJIH ((^2 '^1)5 3KBHBajieHTHbiM TOHKaM HepeceHeHHH JH060H 
H3 Hap ;:,yr OTBenaiOT SKBHBajienTHbie (h ;:,a>Ke CTporo SKBHBajienTHbie) 
TOHKH caMOHepeceneHHii kphboh 7". 

AnajiorHHHO mary 2 jho6oh tohkc HepeceneHHii {vi,V2) napbi ^yr 

61,62 COHOCTaBHM SaMKHyTblH HyTb 6vi^v2 — ^ll[0,wi] ■ ^2l[l/2t>2] ^ 

jioe HHCJio gvi,v2 '■— deg(/? o 6y^^y^). HsBecTHO [36], hto tohkh nepe- 

CeHeHHH {vi,V2) H {v[,V2) Ayr 61,62 SKBHBaJienTHbl b tom h tojibko 

TOM cjiynae, Kor^a 6y^^y^ ~a 6yf^ yf^ (nocjieflHee paBHOCHjibHO paBencTBy 
9vi ,V2 — 9v[ ) ' no3TOMy yKasannoe conocTaBjienne HHflyri,HpyeT hht.- 
eKTHBHoe conocTaBjieHHe ri,ejibix nnceji KjiaccaM Hnjibcena tohck nepe- 
ceneHHii napbi ^yr 61,62', Kjiacc SKBHBajienTnocTH tohkh nepecenenna 
{vi,V2) 6y;i,eM nasbmaTb g^^^y^-M KJiaccoM. 

PaccMOTpHM onncannoe Bbime conocTaBjienne n,ejibix nnceji Kjiac- 
caM Hnjibcena ToneK nepecenenna napbi ;i,yr 61, 62 (cooTBeTCTBenno 
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napbi ;:i,yr S'l). Tor^a cymecTBeHHbiM KjiaccaM conocTaBji5iiOTC5i HHCJia 
1,2, — 1 (cooTBeTCTBeHHO nncjia — 1, — 2, . . . , — — 1)). HpH 

3TOM TOHKe nepeceHeHHH i-ro Kjiacca napbi ((5^ , S2) h TOHKe nepece- 
HeHHH — (|A;| — i)-ro Kjiacca napbi {S2,Si) OTBenaiOT ;:i,Be pasHbie toh- 
KH caMonepeceneHHii kphboh 7'' o^Horo Kjiacca Hnjibcena i mod 
(l<z<|A;| — 1). Henocpe^CTBeHHaii npoBepxa noKasbiBaeT, hto xaKne 
^Be TOHKH caMonepeceneHHii kphboh 7'' CTporo SKBHBajieHTHbi. TaK KaK 
i - jno6oe n,ejioe hhcjio b HHTepBajie l<i<|/c| — 1,to KpHBaa j" HMeex 
He Menee — 1 KjiaccoB Hnjibcena tohck caMonepeceneHHH, npn^eM b 
Ka^KflOM Kjiacce ne Menee AByx CTporo SKBHBajienTHbix ToneK. 

Illas 4- B CHjiy BTopon (|)opMyjibi jieMMbi [U (b) tohkh caMonepecene- 
HH5I, OTBenaioiuHe paccMaTpHBaeMbiM KjiaccaM, neTpHBHajibHbi, TaK KaK 
k I gvi,v2 ■ ToHKa caMonepeceneHHii (vi, V2) reoMeTpHnecKH cnei],HajibHa (a 
noTOMy H reoMeTpHHecKH caMOCOKpairi,aK)iii,a5i BBH^y opneHTHpyeMOCTH 
i],HjiHH^pa) , ecjiH gvi,v2 — 1^1/2- HocjieflHee Bbmojineno npn neTHOM k 
|A;|/2-ro Kjiacca napbi ((5^, 62) h ;i,ji5i — |/c|/2-ro Kjiacca napbi {62, 61), 
a noTOMy npn neTnoM k cyiu,ecTByeT reoMeTpnnecKH cnen,HajibnbiH Kjiacc 
ToneK caMonepecenenna KpnBon 7''. Jlio6a5i ero TonKa {vi,V2) CTporo 
reoMeTpnnecKH cnen,Hajibna (a noTOMy n CTporo reoMeTpnnecKH caMOCO- 
Kpain,aioiu,a5i BBH;i,y opnenTHpyeMOCTn ii,HjiHn;i,pa) , TaK KaK ona CTporo 
3KBHBajienTna TonKe {v2,vi), cm. Bbime. 

TaK KaK rpynna 7Ti{C) = Z a6ejieBa, nncjio PanfleMancTepa RI['y] 
paBno nncjiy sjieMenTOB 4)aKToprpynnbi rpynnbi Z no no^rpynne, no- 
po>K;i,ennoH nncjiOM k. OTCio;i,a cjie^yeT, hto RIIj] = \k\. □ 

Jl e M M a 3. Uycmh 7,71,72: M - saMKuymue npueue na 

Aucme Me6uyca M , u nycmh k = deg{p o 7) ^ 0, /c^ = deg{p o 7^), 
8de p: M ^ - cmandapmHoe paccjioenue co cjiocm ompesoK. Tozda 



RI[j] = \k 




Nr[ji,j2] = NI[ji,j2] 



M/[7i,72] 



^^[71,72] 




0, ecAU 2 I kik2, 

min{|/ci|, |/c2|}, ecAU 2 \ kik2; 
0, ecAU 2 I kik2, 




EcAU k HeuemHO, mo eunoAueHO ceoucmeo Benena, ece KAaccu 
HuAhcena moueK caMonepecenenuH cmpodo de^eKmuenu u ne HGAHwrn- 
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CM seoMempuHecKU cneu^uaA'bHUMU, a ece KJiaccu npoMe mpueuaAhHOdo 
cymecmeeHHU (cm. onpe^ejieHHe [I](b, c)). 

EcAU k nemno, mo Jiw6ou KJiacc moueK caMonepecenenuH necyiu^e- 
cmeeH (u dacHce uede^eKmueen u UMeem noAyundeKC Oj; cyvu^ecmeyem 

we Menee 1 1 1 — 1 KAaccoe HuAbcena, nacncduu U3 Komopux we coenadaem 
c mpuGuaAhHUM u codepomum we Menee deyx (cmpodo aKGueaAeHmnux) 
moueK caMonepecenenuA, xomn necyw^ecmeen (u dacHce uedecfjeKmueeH 

u UMeem noAyundeKC Oj; e mounocmu 5{k/2) U3 amux ||| — 1 KAac- 
coe MGAMcmcM seoMcmpuuecKU cneyuaAhuuM (u dacHce cocmoMUi^UM U3 
cmpodo deoMcmpuuecKU caMOCOKpawi^awi^ux moucK), cm. (SD h onpe;:,ejie- 
HHe [U (b, c). 

IIpu nemnoM kik2 eunoAueno ceoucmeo BcKcna, Kpueue 71,72 somo- 
monnu HenepeceKawinuMCH KpueuM, a ece KAaccu HuAhcena HcdecfjcK- 
muGHU (u HecymecmecHHu) . IIpu neuemnoM kik2 Kpueue 71,72 UMCwm 
6 moHHOcmu gcd(/ci, /C2) KAaccoe HuAhcena moucK nepeceuenuH; KaoK- 

duu us amux KAaccoe cyui^ecmeen u codepcHcum we mchcc "^gcd(fc\^ '[2^ 

moHCK nepeceHCHUH, xomn de^cKmueen. 

Cjie^CTBHC 2. B ycAoeuMX acmmu Oam saMKuymou Kpueou 
j: M Ha Aucme Me6uyca omAuunue om nyAM noAyundcKcu 

KAaccoe dcoMcmpuHCCKUx moucK caMonepeceucHUH paenu 1 u 



\k\ - 1. _ .\k\ 

~2 



ATT-* r 1 ^Ti^ r 1 f Ho)^ ^CAU k HCmUO, 

^^^geomW = A^^eomH = |fc|^l , 

^ ' 2 ; ecAU k neuemno. 

EcAU k HcuemHO, mo eunoAueno ceoucmeo BcKcna, ece KAaccu 
HuAhcena seoMcmpuuecKux moucK caMonepeceucHUH cmpodo de^cKmue- 
Hu, a ece KAaccu KpoMC mpueuaAhuodo cyui^ecmecHHU. 

EcAU k nemno ^ mo Kpuean 7 UMcem we Menee [\k\/A\ KAaccoe zeo- 
McmpuuecKux moncK caMonepecenenuH, omAunnux om mpueuaAhnoso; e 
mounocmu 6{k/2) us amux KAaccoe neAMcmcH (cmpodo) seoMcmpuuecKU 
cneu^uaAtnuM (on cyuj^ecmeen u cmpodo de^cKmueen), a nacHcduu us 
ocmaAhnux [{\k\ — 2)/4] KAaccoe codepcHcum we Mcnee deyx (cmpodo 
9KeueaAenmnux) deoMcmpunecKux moncK, xomn necyui^ecmeen (u dacHce 
nede^cKmueen u UMcem noAyundcKC Oj. □ 

/l^OKaaaTejibCTBO jicmmbi El HycTb k hctho. C Hcnojibso- 

BaHHCM nOflH5ITH5I 7 KpHBOH 7 Ha ^ByjIHCTHOC HaRpblTHC C ^ M 

jiHCTa MeSnyca M i],HjiHHflpoM C, h3 jiCMMbi [2] nojiynacM nepaBencTBO 
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Phc. 3. Cner^najifcHas KpHBas Phc. 4. Hecnei^iiajibHas KpHsaa 

7 - 7o 7-7(7^ 

-^-^[7] ^ M/[7] = \k\ — 2. Oho 5iBji5ieTC5i paBencTBOM, hto ;:i,OKa3bi- 
BaeTCH npe;:i,rbHBjieHHeM no;:,xo;:,Hiri,eH kphboh 7' ~ 7, cm. pnc. 3. Tax 
KaK 7 coxpaHiieT opHeHTai],Hio, Bce Kjiaccbi Hnjibcena He;],e4)eKTHBHbi. 
HocKOJibKy MI['y] = MI[^], h3 cbohctb naKpbiTHH h h3 jieMMbi [2] 
cjieflyiOT paBencTBa NI['y] = NIl'j] = 0; paBencTBO nyjiio nojiyHH^eKCOB 
Bcex KjiaccoB Hnjibcena. Ha jieMMbi [2] nojiynaeM TaK>Ke cymecTBOBaHHe 
He Menee \k\/2 — 1 neTpHBHBajibHbix KjiaccoB, Ka^K^biH hs KOTopbix 
He;];e4)eKTHBeH h co;:i,ep>KHT ne Menee ^Byx CTporo SKBHBajienTHbix ToneK 
caMonepeceneHHii; cpe/i,H hhx cymecTBOBaHHe b tohhocth 6{k) reoMeT- 
pHHecKH cnei],HajibHoro Kjiacca; cymecTBeHHOCTb SToro Kjiacca h to, hto 
ero TOHKH 5iBji5iK)TC5i CTpoFO reoMeTpHHecKH caMocoKpamaiomHMH. 

IlycTb k HeneTHO. HoKa^KeM, hto MI[y] = NIlj] = |A;| — 1. 
06o3HaHHM Hepes 70 i],eHTpajibHyio OKpy^KHOCTb jiHcxa MeSnyca. Pasrb- 
e^HHHM KOHi],bi KpHBOH 7 H npoflecJ^opMHpyeM ee b npocTyio KpHByio 
7', H;:,yiri,yio "napajiJiejibHo" kphboh 70 "ho CHHpajin", KaK HOKasano 
Ha pHC. 4. HpH TaKOH "naMOTKe" KpnBaa 7' oSxo^ht \k\ > 1 pas 
BOKpyr 7o h, cjie;i,OBaTejibHO, ocTaexcii neaaMKHyTOH. "3aMKHeM" KpHByio 

7' KOpOTKHM OTpeSKOM (7, nepeCeKaK)III,HM 70 B e^HHCTBeHHOfi TOHKe 

7o('y); nojiyHHM saMKHyTyio KpHByio j" = 7' • cr, roMOTonnyio 7, cm. 

pHC. 4. Ho nocTpoeHHK) (nesaMKHyTbie) KpHBbie 7', a ne hmciot tohck 

|fc|-i 

caMonepeceneHHii h nepeccKaiOTCii b ^—^ — TOHKax, ne CHHTaa kohi],ob. 
TaK KaK Bce 9th tohkh onpe;],eji5iiOT tohkh caMonepeceneHHii kphboh 

7", TO KpHBaa 7" HMeCT — 1 TOHCK CaMOHepeCeHCHHa. riOKa^KeM, HTO 
9TH TOHKH HOHapHO HeSKBHBajICHTHbl (a HOTOMy HC SBJIHIOTCil rCOMCT- 
PHHCCKH CHeH,HajIbHbIMH) H HCTpHBHajIbHbl. CoHOCTaBHM 3THM TOHKaM 

H,ejibie HHCJia gvi,v2 anajiornHHO mary 2 ;:,OKa3aTejibCTBa jieMMbi [21 To- 
r;:,a nonapnaii nesKBHBajieHTHOCTb cjie;:,yeT h3 Toro, hto — 1 hhccji 
±2, ±4, . . . , ±(|/c| — 1) nonapHO pasjiHHHbi b 4)aKToprpynne Z/|/c|Z, a 

HCTpHBHajIbHOCTb — H3 TOFO, HTO 3TH HHCJia OTJIHHHbl OT HyjIH B Z/|A;|Z. 
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Ka>K^a5i H3 3THX ToneK HBjiaeTCH CTporo caMocoKpaiii,aK)iri,eH (a ee Kjiacc 
CTporo ;],e4)eKTHBHbiM) BBH;:,y ee cnei],HajibHOCTH h Toro, hto 7 MenaeT 
opHeHTai],Hio. 

riycTb kik2 HeTHO. Tor^a o^ho h3 HHceji ki,k2 neTHO, CKa^KeM, 
ki . SnaHHT, KpHBaH 71 roMOTonna neKOTopoH CTenenn rpaHHi],bi jiHCTa 
MeSnyca. npo;:,e4)opMHpyeM KpHByio 71 k rpaHHii,e, a KpHByio 72 — k 
i],eHTpajibHOH: OKpy^KHOCTH jiHCTa MeSnyca. IlojiyHHM napy nenepeceKa- 
ioii],Hxc5i KpHBbix, no9TOMy M/[7i,72] = A^/[7i,72] = 0. He;:,e4)eKTHB- 
HOCTb KjiaccoB Hnjibcena cjie^yeT h3 Toro, hto o^Ha h3 kphbbix 71,72 
coxpaHiieT opHeHTaii,Hio. 

riycTb kik2 HeneTHO. Pa3o6beM flOKa3aTejibCTBO na necKOJibKO maroB, 
aHajiorHHHbix inaraM ^OKa3aTejibCTBa jieMMbi [21 

Illaa 1. /I,OKa>KeM pabencTBO M/[7i,72] = min{|/ci|, |/c2|}. PaccMOT- 
pHM napy kphbbix (71,72), 7i — 71, 72 — 72? HMeioiri,Hx MHHHMajibHoe 
■^HCJio ToneK nepeceneHHii, T.e. M/[7i,72] ToneK nepeceneHHii. KaK b 
;i,OKa3aTejibCTBe jieMMbi [2] (marn 1 h 3), Ka^K^yio napy kphbbix 7i,72 na 
jiHCTe MeSnyca, HMeioii],yio Konennoe nncjio ToneK nepecenenna, mo^kho 
npofle4)opMHpoBaTb — c coxpanenneM ToneK nepecenenna n nx pa36He- 
nnii na Kjiaccbi Hnjibcena — TaK, nTo6bi o^na h3 kphbbix 7i,72 HMejia 
o6in,yio TonKy c dM ^ a flpyraa KpnBaa jie^Kajia BnyTpn M . HycTb ^jih 
onpe^ejiennocTH 72(0) G dM ^ 7i(^) ^ M\dM . FaccMOTpnM opnenTnpye- 

Moe ;i,ByjiHCTnoe naKpBixne C = M ^ M jincTa MeSnyca M n,HjiHn;i,poM 
C, H nycTB 71,(^2 - no^niiTHii kphbbix (71)^,72 na 3to naKpBiTHe. Tor;i,a 

nepBaii KpHBaa 71 3aMKnyTa, jie^KHT bo BnyTpennocTH C = M n roMO- 
Tonna ki-oPL CTenenn ii,enTpajiBnoH OKpy^KnocTH n,HjiHnflpa C. BTopaa 
KpHBaH 62 ne 5iBji5ieTC5i 3aMKnyTOH n ee Konii,Bi (52(0), 62(1) npnnafljie^KaT 

pa3nBiM KOMnonenTaM Kpaa n,HjiHn;i,pa C = M. 

PaccMOTpHM 3aAany o MnnnMajiBnoM nncjie M/ [71,(^2] ToneK nepe- 
cenennii 3aMKnyTOH KpnBon 7^ n Aym 62 na n,HjiHnflpe b Kjiaccax ro- 
MOTonnn 3aMKnyTOH KpnBon 71 n flyrn 62 c (|)nKcnpoBannBiMn Konn,aMH 
(b npoii,ecce roMOTonnn Konn,Bi Aym ocTaiOTCH nenoflBH^KnBiMn) . KaK 
H B 3aflane o nepecenennn A^yx ;i,yr 61,62 (cm. mar 1 ;i,OKa3aTejiBCTBa 
jieMMBi [2]) , B 3TOH 3aflane cnpaBe;i,jiHBO cbohctbo BeKena, n MnnnMajiBnoe 
nncjio ToneK nepecenennii b ^annBix Kjiaccax roMOTonnn HMeiOT KpnBbie, 
5iBji5iioin,nec5i KpaTnanmnMH OTnocHTejiBno neKOTopon njiocKon pniviano- 
BOH MeTpHKH na n,HjiHn;i,pe. OTCiOfla jierKO naxo^HM 

M/[7i,(52] =7V/[7i,^2] = |A:i|. 

Cjie;i,OBaTejiBno, KpnBBie 71, 62 HMeiOT ne Menee \ki\ ToneK nepecenenna. 

TaK KaK pa3nBiM TonKaM nepecenennii kphbbix 71 , 62 OTBenaiOT 
pa3nBie tohkh nepecenenHH kphbbix 7i , 72 , nojiynaeM nepaBencTBO 
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M/[7i,72] ^ ^^[71,(^2] = l^il > niin{|/ci|, |A;2|}. Oho 5iBji5ieT- 
ca paBencTBOM M/[7i,72] = min{|/ci|, |/c2|}, hto ;:,OKa3biBaeTCfl: ny- 
TeM npe;:,rbHBjieHH5i noflxofl5iiii,eH napbi kphbbix 7i , 72 , HMeioiri,Hx poBHO 

\ki\ = min{|A;i|, I/C2I} ToneK nepeceneHHii (nanpHMep, 7^^ = 7^% a 
73_^ - jiK)6a5i KpHBaa, roMOTonnaii 73-i h nepeceKaioiri,a5i i],eHTpajiBHyio 
OKpy^KHOCTB 7o JiHCTa MeSnyca b poBHO o/],hoh TOHKe). 

Z/7a2 ^. /],Ji5i BbiHHCJieHHH HHCJia Hnjibcena A/^/[7i,72] npn HeneTHOM 
/ciA;2 conocTaBHM Ka^K^ofi TOHKe nepeceneHHii {vi,V2) kphbbix 71,72 
nyTB jy^^y^ = 7i|[0,m] ■ 'y'^\[o]v2]' HanHHaiomHHCii b TOHKe 71(0) h 3a- 

KaHHHBaiOIII,HHC5I B TOHKe 72(0). FoMOTOnHHeCKHH KJiaCC (oTHOCHTejIBHO 

kohi],ob) 3Toro nyTH o6o3HaHHM Hepe3 

9vi,v2 = ['lvi,v2] ^ 7ri(C,7i(0),72(0)) ^ Z 

H Sy^eM paccMaTpHBaTB KaK i],ejioe hhcjio. H3 nepBOH 4)opMyjibi jieM- 
Mbi[I](a) cjie^^yeT, hto tohkh nepeceneHHii {vi,V2) h ('yi,'y2) 3KBHBajieHT- 

Hbl B TOM H TOJIBKO TOM CJiy^ae, KOr;:i,a HHCJIO 5't,i,t,2 — 9v[,v'2 5IBJI5ieTC5I 
II,ejIOHHCJieHHOH JIHHeHHOH KOM6HHai],HeH HHCejI /Cl H /C2. riyCTb flJIH 

npocTOTbi 71(0) — 72(0). Tor^a Kjiaccbi Hnjibcena napbi kphbbix 71,72 

HaXO;i,5ITC5I BO B3aHMH0-0AH03HaHH0M COOTBeTCTBHH C o6pa3aMH HHCeJI 

gvi,v2 npH npoeKii,HH rpynnbi Z b rpynny Z/rZ, r^e r = gcd(A;i, A;2) • 
06o3HaHHM Hepe3 70 ii,eHTpajibHyio OKpy^KHOCTb ii,HjiHHflpa. PaccMOT- 

pHM KpaTHafimyio 3aMKHyTyio KpHByio 7^ = 7q^ h KpaTHafiinyio Ayry S2 
b Kjiaccax roMOTonnn 7^ — 71, S2 —d ^2 OTHOCHTejibHO KaKOH-HnSy^b 
njiocKOH pHManoBOH MeTpHKH Ha ii,HjiHH/i,pe, r^e b npoii,ecce roMOTonnn 
nyTH 62 ero KOHii,bi 62(0), 62(1) G dC npe^nojiaraiOTCii nenoflBH^KHbi- 
MH, CM. mar 1. Tor;i,a KpuBbie 71,(^2 hmgiot \ki\ tohgk nepeceneHUH; 
OTBeHaioiri,He hm \ki\ HHceji gvi,v2 o6pa3yiOT mho^kgctbo {2,4, . . . ,2|/ci|}. 

3to MHO^KecTBO pacna^aeTCii na r naSopoB h3 nnceji b Ka>K;i,OM, 

r^e HHCJia Ka^K^oro Ha6opa paBHbi Me^K^y coGoh b rpynne Z/rZ, a 
sjieMeHTbi pa3Hbix Ha6opoB pa3JinHHbi b Z/rZ. Cjie^OBaTejibHO, ^jih 
KpHBbix 7^ , 72 HHCJio KjiaccoB Hnjibcena tohgk nepecenenHii paBHO 
A/'/[7i,72] = r = gcd(/ci, /C2) , h Ka^K^bm Kjiacc Hnjibcena coctoht 

H3 HeneTHoro HHCJia tohgk nepeceneHHii. HosTOMy Bce Kjiaccbi 

Hnjibcena cymecTBeHHbi. Kjiaccbi Hnjibcena fle4)eKTHBHbi, TaK KaK ohh 
cneii,HajibHbi h o6e KpHBbie 71,72 MenaioT opHeHTaii,Hio. 

Rlas 3. OopMyjibi ;i,ji5i RI[^\ h i?/[7i, 72] , a TaK>Ke to, hto ^jih jiio6oh 
napbi KpHBbix, roMOTonnbix nape 71,72, Ka^K^bin Kjiacc Hnjibcena ToneK 

mini I fci 1,1^21} 

nepecenennii co^ep^KHT ne Menee gcd(fci ^2) ^oneK, ^OKa3biBaeTC5i KaK 
B ^OKa3aTejibCTBe jigmmbi [2] (marn 3 n 4) . □ 
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§ 4. CnEI];HAJlbHbIE KPHBblE H CnEI];HAJIbHbIE HAPbl KPHBblX 

BBO^HMoe HH>Ke onpe/],ejieHHe MOTHEHpoBano tgm, hto b sa^ane o 
(caMo)nepeceHeHHH aaMKHyxbix kphbbix na noBepxHOCTH cbohctbo Be- 
Kena BbinojiHeno fljiH Hecneii,HajibHbix KpHBbix h Hecnei],HajibHbix nap 
npHBbix, HO OHO HapymaeTCH fljiH CHeH,HajibHbix KpHBbix h CHen,HajibHbix 
nap KpHBbix, npHneM aa cnex cnen,HajibHbix KjiaccoB Hnjibcena (cm. 
TeopeMbi [U H [2] HH>Ke). 

Onpeflejienne 3. (a) SaMKnyTyio KpnByio 7 : /S'-'" ^ 5* na 
noBepxnocTH .S* nasoBeM cnei^uajihHOU^ ecjin 7 coxpanaeT opHenTan,Hio, 
necTHrHBaeMa n roMOTonna coScTBennon CTenenn neKOTopon saMKnyTon 
KpHBOH 7o na S, T.e. 7 ~ 7q ^jih neKOToporo nncjia k E 1j, \k\ > 1. 
3;],ecb H ^ajiee 7o('f^) = 7o(^'^^)? v E S^. 

(b) riapy saMKnyTbix KpnBbix 71,72: S na noBepxnocTH S 

nasoBeM cneii^uaji'bHOU, ecjin o6e KpnBbie 71 , 72 MenaiOT opHenTan,Hio n 
roMOTonnbi CTeneniiM o^non n toh >Ke saMKnyTon KpnBon 7 na (S, T.e. 
71 ~ 7^, 72 — 7^ A-^^ neKOTopbix nnceji G Z. 

3 a M e n a n H e 3. (a) Cbiianaii noBepxnocTb (S* co^ep^KHT cnen,H- 
ajibnyio saMKnyxyio KpnByio Tor^a n tojibko Tor^a, Kor^a ee 4)ynflaMen- 
Tajibnaii rpynna 6ecKonenna (T.e. Kor^a x('5') ^ 0, T.e. S ne roMeoMopcJ)- 
na njiocKOCTn, c4)epe n npoeKTnbnon njiocKOCTn). Ecjin x(*^) > 0, to 
jiio6a5i saMKnyTaii KpnBaa na S necneii,najibna n roMOTonna co6cTBennoH 
CTenenn saMKnyTon KpnBon. 

(b) Ecjin jin6o S CBiisna n xi'^) ^ 0? Jin6o KpnBaa 7 CTiirnBacMa 
(cooTBCTCTBenno o^na ns KpnBbix 71,72 CTiirnBaeMa) , to bcc tohkh 
caMonepecenenna n reoMeTpnnecKne tohkh caMonepecenenna (cootbct- 
CTBcnno Bce tohkh nepecenenna) hbjihiotch cneii,najibnbiMn, cm. onpe^e- 
jienne [U (c). 

/],ji5i ocTajibnbix CBssnbix noBepxnocTen S ^ xi'^) < 0? Jiio6a5i KpnBaa 
7 ~ 7q hmcct ne 6ojiee cneii,najibnbix (a noTOMy ne 6ojiee — 1 
ncTpnbnajibnbix cnen,najibnbix) KjiaccoB Hnjibcena tohck caMonepece- 

nennii, a jiio6a5i napa KpnBbix 71 ~ 7o\72 — 7o^ hmcct ne 6ojiee 
gcd(/ci, A;2) cneii,najibnbix KjiaccoB Hnjibcena tohck nepecenennii (a^ecb 
/c,/ci,/c2 G Z, /c 7^ 0, (/ci,/c2) 7^ (O5 0) H 7o — saMKnyTaii KpnBaa, ne 
roMOTonnaa co6cTBennoH CTenenn nnKaKon saMKnyTon KpnBon na S). 
Ilpn 3TOM cneii,najibnbie tohkh (caMo)nepecenenn5i — b TonnocTn tc, 
KOTopbie noflnnMaiOTCH na naKpbiTne noBcpxnocTn S (roMeoMop4)noe 
ii,njinn;i,py njin jincTy Me6nyca), OTBenaioiu,ee ii,nKjinnecKOH no^rpynne 
Z^Q C 7ri((S', 7o(0)) , CM. flOKasaTCJibCTBa TcopcM [I] n [21 
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(c) Mo^KHO noKasaTb, hto ecjiH S — ne 6yTbijiKa Kjienna, to fl,ji5i 
cneii,HajibHOH tohkh caMonepeceHeHHH {vi,V2) KpnBbie 7(^1 +1) h 7(^2 + 

t), < t < 1, rOMOTOnHbl OTHOCHTeJIbHO K0HI],0B; T.e. M0>KH0 CHHTaXb, 

HTO p = q = 1 ( flJiH 6yTbijiKH KjieHHa p = l,q = ±1). Ecjih S — ne 
6yTbijiKa KjieHHa h y napbi saMKHyTbix KpHBbix 71 ,72 na S HMeeTca 

cnei],HajibHa5i TOHKa nepeceneHHii, to 71 ~ 7q^ , 72 — 7o^ ajih neKOTopbix 

SaMKHyTOH KpHBOH 7o H HHCeJI /Cl, /C2 G Z. 

§ 5. 3AAAHA O CAMOnEPECEHEHHH KPHBblX HA nOBEPXHOCT5IX 

TeopeMa 1. Uycmh j: S - aaMKuymaH Kpuean na 

noeepxnocmu S , ne odHsamejihuo HGAHWUJ^eucH KOMnaKuiHou. Todda om- 
AUHHue om HtjAH noAyundeKcu KAaccoe HuAhcena moueK caMonepeceue- 
HUH Kpueou 7 paenu 1. EoAee modo: 

(a) Hecne%uaAhnaH npuean 7 o6Aadaem ceoucmeoM Benena dAH 
sadaHU caMonepeceneHuu: 

MI[j] = Nr[j] = TV/ [7] . 

EcAU npu amoM 7 ~ 7q , ade /c G Z \ {0}, u Kpuea^ 70 HedOMomonna 
co6cm6eHHOu cmenenu HunaKou saMuymou Kpueou na S , mo 

M/[7] = A^r [7] = NI[-f] = ■ NI[jo] + \k\-l 

u poGHO \k\ — 1 cymecmeeHHUx KAaccoe HuAtcena moueK cauonepece- 
HCHUA Kpueou 7 AeAMTomcA cney^uttAbHUMU, npuHCM amu KAaccu omAUH- 
Hu om mpueuaAhuoso , cmpo20 de^cKmuenu u we HeAHwmcH deouempu- 
uecKU cney^uaAbHUMU (cm. onpe;:,ejieHHe [I](b, c)). 

(b) CneyuaAhHaM Kpuea^ 7 dOMomonna cmenenu 7q, k G Z, 
\k\ > 1, dde Kpuean 70 coxpannem opuenmayuw uau k nemno, npuncM 
70 nedOMomonna co6cmeennou cmenenu nuKaKou saMnymou Kpueou na 

S. IJoAOCHcuM k' = k, ecAU 70 coxpannem opuenmayuw, u k' = ^, ecAU 
70 Mcnnem opuenmayuw. Todda ece KAaccu moncK caMonepecenenuH 
nede^cKmuenu, ece cneyuaAhnue KAaccu necyw^ecmeennu u 

MI[j] = k^ ■ 7V/[7o] + 2{\k'\ - 1), 7V/*[7] = NI[-i] = e ■ A^/[7o], 

npuHCM 7 UMcem ne uenee \k'\ — 1 (cmpodo) cneyuaAhnux KAaccoe 
moHCK caMonepecenenuH, KacHcduu U3 Komopux ne coenadaem c mpueu- 
aAhnuM u codepcHcum ne uenee deyx (cmposo 3KeueaAenmnux) moncK, 
xomA necymecmeen (u dacHce nedecpcKmueen u UMcem noAyundcKC Oj; 
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6 moHHOcmu S{k') U3 amux \k'\ — 1 KAaccoe HGAHemcH deoMempunecKU 
cneii^uajihHUM (u dacHce cocmoMUi^UM U3 cmposo seoMempuuecKU caMOCo- 
Kpaiu^awiu^ux moneK), cm. (SI) h onpe^ejieHHe [I] (b, c). 

CorjiacHO TeopeMe [U, b aa^ane o caMonepeceneHnH saMKHyTOH Kpn- 
BOH 7 CBoiicTBO BeKGHa BbinojiH5ieTC5i B TOHHOCTH Hecnei],HajibHbix 
KpHBbix H cneii,HajibHbix KpHBbix BH^a 7q, Tj\e KpHBaa 70 MenaeT 
opHeHTaii,HK) H HeroMOTonna co6cTBeHHOH CTenenn HHKaKOH saMKHyTOii 

KpHBOH. 

Cjie^CTBHe 3. B ycAoeuMX meopeMU Ul omAuuHue om wijah no- 
AyundeKcu KAaccoe HuAhcena deoMcmpuHCCKUx moHCK caMonepeceuenuH 
paenu 1; 

(a) Sah Hccneit^uaAbHou Kpueou 7 ~ 7q eunoAHCHO ceoucmeo Bene- 

Ha 

|fc|-l 

u poGHO -^^2 — cyvj^ecmeeHHUx KAaccoe cneyuaAhHU, npuucM amu KAaccu 
cmpodo cncv^uaAhHU, cmpodo dc^cKmuenu u omAunnu om mpueuaAhuo- 
2o; 

(b) Sah cneyuaAbHou Kpueou 7 ~ 7q eunoAueno 

u poeno k'^ • A^/geom[7o] cyui^ecmeennux KAaccoe uecneyuaAhuu, dde 

k' = k, ecAU 7o coxpaHnem opuenmayuK), u k' = ^, ecAU 70 MCHJiem 

opuenmayuw, npuneu Kpuean 7 UMcem we Mcnee [\k'\/2] (cmpodo) cne- 
yuaAhuux KAaccoe deoMempunecKux moHCK caMonepeccHenuH, ouiauh- 
Hux om mpueuaAhuodo; e monnocmu S{k') U3 amux KAaccoe mAHcmcn 
(cmpodo) deoMcmpuHccKU cneyuaAhuuM (on cyvu^ecmeen u cmpodo de- 
^CKmueen), a KacHcduu us ocmaAhuux [{\k'\ — l)/2] KAaccoe codepoKum 
He MCHce deyx (cmpodo dKeueaACHmnux) geoMcmpuuecKux moncK, xomn 
Hccyuj^ecmecH (u daoKC Hede^cKmuecH u uueem noAyundcKC Oj. □ 

CorjiacHO cjie^CTBHio El, cbohctbo BeKena jxji^i reoMeTpHnecKHx ToneK 
caMonepeceneHHii BbinojiHeno b tohhocth ^jih Hecnei],HajibHbix KpHBbix, 
a TaK>Ke ^jih cneii,HajibHbix kphbbix BH^a 7q (70 MenaeT opHeHTaii,Hio) h 
7q, r^e 7o ne roMOTonna CTenenn HHKaKOH saMKHyTofi kphboh na S. 

/l^OKaaaTejibCTBO TeopeMbi [H Ecjih S = MP^ hjih Kpn- 
Baa 7 CTHrHBaeMa, to ona Hecneii,HajibHa, h Tpe6yeMoe cbohctbo 
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MI[^] = NI['-f] flJIH 3TOH KpHBOH OHeBH^HO. HoSTOMy 6yfleM CHHTaTb, 

■^To S CB5i3Ha, |7ri(S')| = oo H KpHBaH 7 HecTiirHBaeMa. Tax KaK o6pa3 

JII060H rOMOTOnHH KpHBOH B S 5IBJI5ieTC5I KOMHaKTHblM HOflMHO^KeCTBOM 
B (S*, MO^KHO CHHTaTb, HTO S 5IBJI5ieTC5I KOMHaKTHOH HOBepXHOCTbK) (c 

KpaeM HjiH 6e3) h x('5') ^ 0. HsBecTHO, hto b 3tom cjiynae na .S* cym^e- 
CTByeT pHManoBa MexpHKa, y KOTopoH KpHBHsna BCio;:,y nenojio^KHTejibHa 
H Ka>Kfla5i KOMHOHeHTa Kpaii HBjiaeTCM reo;:,e3HHecKOH. 

B CHjiy flonyn],eHHbix npe;:,nojio>KeHHH, cym,ecTByeT saMKHyTaa Kpn- 
Baa 7o, He roMOTOHHaii co6cTBeHHOH CTenenH HHKaKOH saMKnyTOH Kpn- 
BOH Ha S, TaKaa, hto 7~7q, /cgZ, /c>0. HycTb 7q - KpaTHanmaH 
KpHBaii, roMOTOHHan kphboh 70 b (S*; Tor;:,a 7q aBjiaeTca saMKHyTOH 
reoflesHHecKOH (h Hao6opoT: jHo6a5i saMKnyTaa reoflesHHecKaa HBjiiieTCH 
KpaTHaHinefi saMKHyTOH kphboh b cbogm Kjiacce roMOTOHHn). HpH 3tom 
B JH060H TOHKe caMOHepeceneHHii reo^esHnecKOH 7q ee bgtbh nepece- 
KaiOTCH TpancBepcajibHO (nnane KpHBaa 70 HBjiHjiacb 6bi coScTBeHHOH 
CTeneHbK) flpyroH reo;:,e3HHecKOH) . JJ^ajiee 6y;i,eM oSosnanaTb KpHByio Jq 

nepes 70, h 6y;:,eM CHHTaTb, hto 7 — 7o- 

Cjiynau 1. npe;:,nojio>KHM, hto /c = 1, T.e. 7 = 70. Ecjih 6bi y 7 cyiri,e- 
CTBOBajia cnei],HajibHa5i TOHKa caMonepeceHeHHH hjih ^Be SKBHBajienTHbie 
TOHKH caMonepeceneHHii (nanpHMep, SKBHBajieHTHbie tohkh BH^a {vi^V2) 

H {V2 5 'i^l ) ) 5 TO CymeCTBOBaJIH 6bl flBa nO^HHTHil 71 , 72 KpHBOH 7 B 

yHHBepcajibHyio HaKpbiBaK)n],yK) HOBepxHOCTb HMeK)n],He ^Be tohkh 
TpancBepcajibHoro HepeceneHHii, jih6o o^ho h3 ho^hhthh 71,72 hbjihjiocb 
6bi saMKHyTOH KpHBOH. 3to HpoTHBopeHHT TOMy 4)aKTy, HSBecTHOMy en],e 
IlyaHKape [125]. hto b hojihom oflHOCB5i3HOM pHManoBOM MHoroo6pa3HH 
Henojio^KHTejibHOH ceKn,HOHHOH KpHBHSHbi Bce reo^esHHecKHe nesaMKny- 
Tbi H jiK)6bie flBe H3 HHx jih6o coBHa^aiOT, jih6o HMeK)T He 6ojiee o^hoh 

o6n],eH TOHKH. 

CjieflOBaTejibHo, tohkh caMOHepeceneHHa kphboh 7 HecHen,HajibHbi, 
HonapHO HesKBHBajieHTHbi (b tom HHCJie TOHKH BH;:i,a (^1,^2) H ('^25^1)) 
H HMeK)T HenyjieBbie HH;:,eKCbi ±1, a snanHT, Bce Kjiaccbi Hnjibcena 
cyn],ecTBeHHbi, neTpHBHajibHbi h hmgiot HOJiynn^eKC 1. B nacTHOCTH, 
reo^esHHecKaii 7 HMeex poBHO A^/[7] tohgk caMOHepeceneHHa (tohkh 
BH;:,a {vi^V2) H {v2-,vi) CHHTaiOTCH pasHbiMn), OTKy;:,a MI[^] < NI['j]. 
Cjie/i,OBaTejibHO, MI['y] = NIlj] h cpe;:,H cyn],ecTBeHHbix KjiaccoB hgt 
CHen,HajibHbix (a noTOMy Hex TpHBnajibHoro) . 

CAyuau 2. Hpe^HOJio^KHM, hto k > 1. HycTb hhcjio tohgk caMonepe- 
ceneHHii kphboh 70 paBHO 2n (tohkh BH;:,a (^1,^2) h (^2?'^i) CHHTaiOTca 
pasjiHHHbiMH) . Hs ;:,OKa3aTejibCTBa cjiynaa 1 cjie;:,yeT, hto 



M/[7o] = Ar/[7o] = 2n . 
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KaK B flOKaaaTejibCTBax jigmm [2] h [21 pasije^HHHM KOHi],bi kphboh 7 
H npo/i,e4)opMHpyeM ee b npocTyio KpHByio 7', KOTopaa H;:,eT "napaji- 
jiejibHo" KpHBOH 7o "no cnnpajin" (cm. pnc. 3, 4). HpH TaKon "naMOTKe" 
KpHBaa 7' oSxo^HT k > 1 pas BOKpyr 70 h, cjie^OBaTejibHO, ocTaeTca 
HesaMKHyTOH. "SaMKneM" KpnByio 7^ kopotkhm OTpesKOM a; nojiyHHM 
saMKHyTyio KpnByio 7'' = 7' • cr, roMOTonnyio 7. 

Ho nocTpoeHHK) (nesaMKHyTaii) KpHBaa 7' HMeex /c^ • A/^/[7o] ToneK 
caMonepeceneHHii. Ecjih 6bi o^Ha hs 3thx ToneK 5iBji5ijiacb cnei],Hajib- 
HOH TOHKOH caMonepeceHeHHii kphboh 7" hjih ^Be h3 3thx tohck 6bi- 
jiH 3KBHBajieHTHbi, TO reo;i,e3HHecKaM 7o HMejia 6bi jih6o cnen,HajibHyio 
TOHKy caMonepeceHeHHH, jih6o TpHBHajibnyio TOHKy caMonepeceHeHHH, 
jih6o flBe 3KBHBajieHTHbie TOHKH caMonepeceHeHHH, hto npoTHBope^HT 
^OKasaHHOMy b cjiynae 1. Ho nocTpoeHHio (nesaMKHyTaii) KpHBaa a ne 
HMeeT ToneK caMonepeceneHHH h nepeceKaeT (nesaMKHyTyio) KpHByio j' 

B 



TOHKax, npHHeM Bce 3th tohkh onpe;:,eji5HOT cnen,HajibHbie tohkh caMone- 
peceneHHa kphboh 7'' = 7' • cr. Cjie^OBaTejibHO, KpHBaa 7" HMeex 
• A^/[7o] + 2N ToneK caMonepeceneKHH, hs KOTopbix /c^ • A^/[7o] tohck 
Hecnen,HajibHbi h nonapno He3KBHBajieHTHbi, a ocTajibHbie 2N tohck 
cnen,HajibHbi. 

B cjiynae (a) ocxajiocb noKasaTb, hto cneu,HajibHbie tohkh kphboh 7" 
TO>Ke nonapno ne3KBHBajienTnbi, a TdbKTKe neTpHBnajibnbi h CTporo ^e- 
4)eKTHBnbi. OTCiOfla 6y/i,eT, b nacTnocTH, cjie^OBaTb, hto cpe;:,H cyn],ecT- 
Bennbix KjiaccoB Hnjibcena HMeeTCH poBno /c^ • A^/[7o] necnen,Hajibnbix n 
2N = k — 1 cnen,Hajibnbix KjiaccoB, npnneM neT TpHBnajibnoro Kjiacca n 
HTO MIIj] = NIIj] = /c^-A/'/[7o]+/c— 1. B cjiynae (b) ocxajiocb noKasaxb, 
HTO jiK)6a5i KpHBaH, roMOTonnaa 7, HMeeT ne Menee k' — 1 neTpHBnajib- 
Hbix cnen,HajibHbix KjiaccoB Hnjibcena ToneK caMonepecenennii, Ka^K^biH 
H3 KOTopbix co^ep^KHT He Menee ^syx (cTporo 3KBHBajieHTnbix) ToneK, 
nefle4)eKTHBen h HMeeT nojiyHn;:,eKC 0, npnneM b tohhocth S{k') ns 3thx 
\k'\ — 1 KjiaccoB cocTOHT H3 CTpoTO reoMeTpnnecKH caMOCOKpan],aion],Hx 
ToneK. 

riycTb * = 7o(0) - 6a3Hcna5i TonKa noBepxnocTH S , [70] G 7ri((S', *) - 
roMOTonnnecKHH Kjiacc KpnBon 70 b .S*, n nycTb p: S ^ S - naKpbiTne 
noBepxnocTH S c Sasncnon tohkoh * G p~ (*), OTBenaK)n],ee n,HKjiHne- 

CKOH no;:,rpynne p^7Ti{S = ([70]) 4)yn;i,aMenTajibnoH rpynnbi 7ri((S', *) 
c o6pa3yiom,eH [70] . 06o3nanHM nepea P n,njiHnflp, ecjin 70 coxpanaeT 
opHenTan,Hio, hjih jihct MeSnyca, ecjin 70 MenaeT opHenTan,Hio. HocKOJib- 
Ky xi'^) ^ O5 B 7ri((S', *) neT 3JieMenTOB Konennoro nopa^Ka; snannT, 




— 2" , ecjiH 7 - necnen,Hajibna5i 
k — 1, ecjiH 7 - cnen,HajibnaH, 
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7^1 ('5',*) ~ Z H 5* roMeoMop4)HO noBepxHOCTH P\B 6e3 neKOToporo no^- 

MHO^KecTBa Kpaa B C dP , npn^eM no^HiiTHe 70 kphboh 70 b (S* 5iBji5ieTC5i 
i],eHTpajibHOH OKpy^KHOCTbK) p. TaK KaK KpHBaa 70 AonycKaeT no^HiiTHe 
7o, TO roMOTonna 7q ~ 7" ^onycKaeT no;],H5iTHe (70)^ — 7"- -Hcho, 
HTO ecjiH TOHKa caMonepeceneHHii kphboh 7" "noflHHMaeTCii", to ona 
5iBjiHeTC5i cnen,HajibHOH h Bce SKBHBajienTHbie en tohkh caMonepeceHeHHM 
TO>Ke "no;:i,HHMaiOTCH" h onpe;i,eji5iiOT cnei],HajibHbie tohkh caMonepece- 

HeHHH KpHBOH 7". KaK CJie;],yeT HS CBOHCTB naKpblTHH, TpHBHajIbHOCTb 
(hJIH 3KBHBajieHTHOCTb) 9THX TOHGK HO OTHOmeHHIO K "nO;:,H5ITOH" KpHBOH 
7" paBHOCHJIbHa HX TpHBHajIbHOCTH (cOOTBeTCTBeHHO 3KBHBajieHTHOCTH) 
HO OTHOmeHHK) K CaMOH KpHBOH 7". 

(a) riosTOMy ^ocTaTOHHO HOKasaTb, hto tohkh caMonepeceneHHa 
"noflHHTOH" KpHBOH 7^^ Ha jiHCTG Me6Hyca HonapHO nesKBHBajieHTHbi, a 
TaK>Ke HeTpHBHajibHbi H CTporo fle4)eKTHBHbi — 3TO cjie^yeT h3 jieMMbi [31 
riosTOMy 

M/[7] = NI[-f] = ■ NI[-fo] + /c - 1. 

(b) /],ocTaTOHHO HOKasaTb, HTO jHo6a5i KpHBaH Ha P, roMOTOHHaa 
7", HMeeT He Menee k' — 1 neTpHBnajibHbix KjiaccoB Hnjibcena to- 
HGK caMOHepeceHeHHH, Ka^K^biH h3 KOTopbix coflep^KHT He Menee AByx 
(cTporo 3KBHBajieHTHbix) ToneK, He^e4)eKTHBeH h HMeeT HOJiynH^eKC 0, 
HpnneM b tohhocth S{k') h3 3thx \k'\ — 1 KjiaccoB coctoht h3 CTporo 
reoMeTpHHecKH caMOCOKpanj,aion],Hx ToneK. 3to cjieflyeT h3 jieMM [2] h [3] 

coxpaHHion],eH opHeHTaH,Hio kphboh 7. □ 

§ 6. 3AAAHA O nEPECEHEHHH HAP KPHBblX HA HOBEPXHOCTilX 

TeopeMa 2. Uycmb 71, 72 : -S*^ ^ - dee saMKuymue npueue 
Ha noeepxHocmu S ^ Komopan we o6H3ameA'bno KOMuaKmna. OmAunnue 
om HtjAH noAyundeKcu KAaccoe HuAhcena moueK nepecenenuH paenu 1. 

(a) Uycmh (71,72) — uecneu^uaAhuaH napa. Todda ece cyvu^ecmeennue 
KAaccu HuAhcena moueK nepeceuenuH npueux 71,72 HGAHwrncH necne- 
v/aaAhHUMU u eunoAHMemcM ceoucmeo BeneHa Oam aadanu nepecene- 

HUU 

M/[7i,72] = A^r[7i,72] = A^/[7i,72] • 

EcAU 71 ~ 7^, 72 ~ 7^; dde k,£ G Z u npuean 7 HedOMomonna 
codcmeeHHOu cmenenu HUKanou saMKuymou Kpueou na S , mo 

M/[7i,72] = Arr[7i,72] = NI[ji,j2] = \k ■ i\ ■ NI[j] . 
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(b) nycmh (71,72) — cne%uajihHaH napa. Ecau S = MP^, mo 71 ~ 
72 9^ 0, 

M/[7i,72] = A^r[7i,72] = A^/[7i,72] = 1 

u 6ce moHKU nepecenenuH odpasywm cyvu^ecmeennuu cneyuaAbHuu (u 

daoKe decfjeKmuGHUu) kaqcc HuAhcena. Ecau S ^ MP^, mo 71 ~ 7^, 

72 — , ?de HUCAtt k,£ ^ Z Heuemnu, a saMKHyman Kpuean 7 Mennem 
opuenmayuw u neaoMomonna codcmeennou cmenenu HUKanou aaMuymou 
Kpueou Ha S ; npu amoM 

M/[7i,72] = |A:-^|-7V/[7]+min{|A:|,|^|}, 
A^/*[7i,72] = A^/[7i,72] = |A;-^|-7V/[7]+gcd(A;,^) 

u poeno gcd(/c,^) cyiu^ecmeennux KAaccoe monen nepecenenuH npueux 
71 5 72 ^eAnwmcn cneyuaAhHUMu; KacHcduu U3 amux KAaccoe codepcHcum 

minjlfci 1,1^2 1} n r 

we Menee gcd{ki k2) "^^"^^"^ nepeceuenuM, xomn oecpeKmueeH. 

CorjiacHO TeopeMe U\, b 3a/i,aHe o nepecenenHH saMKHyTbix kphbbix 
CBOHCTBO BeKena napymaeTCii b tohhocth fl^ji^ Tex cneii,HajiBHBix nap 
KpHBBix, r^e HHKaKaii h3 KpHBBix HeroMOTOHHa CTeneHH ^pyroH kphboh, 
npHHeM HapymeHHe CBOHCTBa BeKena npoHCxo/],HT 3a cneT cnei],HajiBHBix 
cymecTBeHHBix KjiaccoB HnjiBcena. 

/l^OKaaaTejiBCTBO. CjiynaH, Kor;:,a o;:,Ha h3 kphbbix 71, 72 
CT5irHBaeMa, OHeBH^en: napa Hecnei],HajiBHa h M/[7i,72] = A^/[7i,72] = 

0. rioSTOMy MO^KHO CHHTaTB, HTO 7Tl{S) 7^ H HTO o6e KpHBBie HeCT5irH- 

BaeMBi. EcjiH S = MP^ h 71 ~ 72 9^ 0, to napa 5iBji5ieTC5i cnen,HajiBnoH n 
paBencTBO M/[7i,72] = A/'/[7i,72] = P/[7i,72] = 1 oneBn^no; KpoMe 
Toro, jierKO npoBepaeTCii, hto Bce tohkh nepecenenna ;:,e4)eKTHBnBi n 
nonapno SKBHBajienTnBi no HnjiBceny. HosTOMy ^ajiee cnnTaeM, hto 
|7ri(<S')| = 00 H HTO o6e KpnBBie necTarnBaeMBi. 

TaK KaK o6pa3 jno6oH roMOTonnn 5iBji5ieTC5i KOMnaKTnBiM CB5i3nBiM 
no;:,Mno>KecTBOM b S, MO>Kno cnnTaTB, hto S 5iBji5ieTC5i KOMnaKTnon 
CB5i3noH noBepxnocTBK) (c KpaeM hjih 6e3) n, b cnjiy ^onyn],ennBix 
npe^nojio^Kennn, xi'^) ^ 0- H3BecTno, hto b 3tom cjiynae na S cym,e- 
CTByeT pHManoBa MeTpnKa, y KOTopon KpHBH3na BCio;:,y nenojio^KHTejiBna 
H Ka>Kfla5i KOMnonenTa Kpaa 5iBji5ieTC5i reo;:,e3HnecKOH. HycTB 7i,72 ^ 
KpaTnanmne KpnBBie, roMOTonnBie KpnBBiM 71,72 b S] Tor;i,a 7i,72 
5IBJI5IIOTC5I 3aMKnyTBiMn reo^e3nnecKnMn (n nao6opoT: jiio6a5i 3aMKnyTaH 
reo^e3nnecKa5i 5iBji5ieTC5i KpaTnanmen 3aMKnyTOH KpnBon b CBoeM Kjiacce 
roMOTonnn) . JJ^ajiee 6y;i,eM o6o3nanaTB 7^ , 72 nepe3 71 , 72 cooTBeTCTBen- 
no. PaccMOTpnM ;i,Ba cjiynaa: 

CAyuau 1. ripeflnojio^KnM, hto ne cyin,ecTByeT 3aMKnyTOH KpnBon 7 
na 5 n nnceji G Z, TaKnx, hto 71 ~ 7^^, 72 ~ 7^. Tor;i,a napa 
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(71372) Hecnei],HajibHa h reo^esHHecKne 71,72 nepeceKaiOTCii TpancBep- 
cajibHO B J11060H TOHKe nepeceneHHii. Ecjih 6bi cymecTBOBajia cneii,Hajib- 
Ha5i TOHKa nepeceneHHa hjih ;:i,Be SKBHBajieHTHbie tohkh nepecenenHH, 
TO no/],H5iTH5i 71 , 72 KpHBbix 7i , 72 B yHHBepcajibHyK) HaKpbiBaiomyio 
noBepxHOCTb S HMejiH 6bi ;:,Be tohkh TpancBepcajibHoro nepeceneHHii. 
nocjie;:,Hee npoTHBopennT TOMy 4)aKTy, hto jiio6bie ;:,Be reo;:,e3HHecKHe b 

O^HOCB5I3HOM pHMaHOBOM MHOrOo6pa3HH HenOJIO^KHTeJIbHOH CeKI],HOHHOH 

KpHBHSHbi jih6o coBna^aiOT, jih6o HMeiOT He 6ojiee o^hoh o6iri,eH tohkh. 
CjieflOBaTejibHO, M/[7i,72] — A/"/ [71, 72], Bce cymecTBennbie Kjiaccbi 
Hnjibcena Hecneii,HajibHbi h HMeiOT nojiyHH;:,eKC 1. 

Cjiynau 2. Hpeflnojio^KHM, hto 71 ~ 7^, 72 ~ 7^ ajih neKOTopoH 

SaMKHyTOH KpHBOH 7 Ha (S* H HHCejI G Z. Mo^KHO CHHTaTb, HTO 7 

5iBjiHeTC5i reo;:,e3HHecKOH h ne roMOTonna co6cTBeHHOH CTenenn HHKaKofi 

SaMKHyTOH KpHBOH Ha 5*, H 71 = 7^ , 72 =7^- riyCTb HHCJIO TOHGK 

caMOHepecenenHH reo^esHnecKOH 7 paBHO 2n (tohkh BH^a (^1,^2) h 
(t'2,t'i) CHHTaioTCH pasjiHHHbiMH) . Hs flOKasaTejibCTBa TeopeMbi d] (a) 
cjie;:,yeT, hto 

M/[7] = TV/ [7] = 2n 
H Bce TOHKH caMOHepeceHeHHH kphboh 7 HecHeH,HajibHbi h nonapno 

HeSKBHBajieHTHbl (b HaCTHOCTH, HeSKBHBajieHTHbl TOHKH BH^a (i'l,'L'2) H 

(a) riycTb (71,72) - Hecneii,HajibHa5i napa. Tor;i,a jih6o KpHBaa 7 
coxpaHiieT opHeHTai],Hio, jih6o o;i,ho h3 nnceji k^l hgtho, CKa^KeM I. Ho- 
STOMy MO^KHO cflBHHyTb KpHByio 72 B "HopMajibHOM" K 7 HanpaBjieHHH, 
TaK, HTo6bi HOBaa saMKHyTaa KpHBaa 72 nijia "napajiJiejibHo" 7. Tor^a 
71 H 72 HMeiOT • 2n ToneK nepeceneHHii. Ecjih 6bi 71 h 72 HMejiH 
cneii,HajibHyio TOHKy nepeceHeHHH hjih ;i,Be pasjiHHHbie SKBHBajienTHbie 
TOHKH HepeceneHHii, to KpHBaa 7 HMejia 6bi jih6o CHeH,HajibHyio TOHKy 
caMOHepeceneHHii, jih6o ^Be SKBHBajienTHbie tohkh caMonepeceneHHH 
(nanpHMep, SKBHBajienTHbie tohkh Bn^a {vi^V2) h ('^^2, '^^i)), npoTHBope- 
HHe. CjieflOBaTejibHO, Bce tohkh nepeceneHHii kphbbix 71,72 Hecneii,Hajib- 
Hbi, nonapno nesKBHBajienTnbi n hmciot nojiynn^eKCbi 1. SnannT, 

M/[7i,72] = A^/[7i,72] = \k-l\- 7V/[7] 

H cpe^H cyiu,ecTBennbix KjiaccoB ncT cnen,Hajibnbix. 

(b) HycTb (71,72) - cnen,Hajibna5i napa. Tor^a 7 MenaeT opnenTa- 
n,Hio, a nncjia k^l neneTnbi. HycTb ^jih onpe^ejiennocTn \k\ < 

KaK B flOKasaTejibCTBe jigmmbi E] h TeopeMbi [T], pa3T.e;i,HnHM Konii,bi 
KpHBOH 72 H c^BHneM ee b "nopMajibnoM" k 7 nanpaBjiennH TaK, hto- 
6bi noBaa (nesaMKnyTaa) KpnBaa 72 nijia "napajijiejibno" 7, npn stom 
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HanajibHOH tohkoh na kphboh 7 BbiGnpaeTCii TOHKa ^{v)^ 5iBji5iK)iri,a5iC5i 
o6pa30M jiHinb o;i,Horo SHaneHHii v ^ npn OTo6pa>KeHHH 7. HpH TaKOM 
"c^BHre" KpHBaii 72 o6xoflHT B^ojib 7 HeneTHoe hhcjio pas h, cjie- 
;i,OBaTejibHO, ocTaeTCH HesaMKHyToii. "3aMKHeM" KpHByio 72 kopotkhm 
OTpesKOM (7, nepeceKaiomHM 7 b e^HHCTBenHOH TOHKe 7(1'); nojiy^HM 
saMKHyTyio KpHByio 72 = 72 • cr. 

Ho nocTpoeHHK) KpHBbie 71 H 72 HMeiOT \k • l\ • 2n ToneK nepece- 
HeHHH. EcjiH 6bi oflHa hs 3thx ToneK HBjiHjiacb cneii,HajibHOH tohkoh 
nepeceneHHa KpHBbix 71, 72 hjih ^Be h3 sthx ToneK 6bijiH SKBHBajieHTHbi, 
TO reoflesHHecKaii 7 HMejia 6bi jih6o cnei],HajibHyio TOHKy caMonepece- 
HeHHH, jih6o ;:,Be SKBHBajienTHbie tohkh caMonepeceHeHHH (nanpHMep, 
;:,Be SKBHBajieHTHbie tohkh BH^a ('L'i,'L'2) h ('^^2? '^^i))? npoTHBopenne. Ho 
nocTpoeHHK) KpHBbie 71 H <j HMeiOT ToneK nepeceneHHii, npn^eM Bce 
OHH HBJIHIOTC5I cneii,HajibHbiMH (h /i,a>Ke caMocoKpamaioinHMH, cm. onpe- 
;:,ejieHHe [I] (c)) TOHKaMH nepeceneHHii kphbbix 71,72- TaKHM o6pa30M, 
KpHBbie 71 H 72 = 72"'^ HMeiOT poBHO •2n+|/c| ToneK nepeceHeHHH, 
H3 KOTopbix \k • ^\ •2n ToneK Hecneii,HajibHbi h nonapno nesKBHBajieHTHbi 
no Hnjibceny, a ocTajibHbie \k\ = min{|A;|, |^|} tohck cneii,HajibHbi. 

Hh^kc Mbi noKa^KeM, hto KpHBbie 71,72 hmciot poBHO gcd(/c,^) cne- 
ii,HajibHbix cymecTBeHHbix KjiaccoB Hnjibcena tohck nepeceneHHii, npn- 

HCM jiio6a5i napa kphbbix, roMOTonnaii (71,72)5 HMeeT ne Menee ^-^ 
ToneK nepeceneHHii b Ka>K;i,OM cneii,HajibHOM cymecTBeHHOM Kjiacce 
Hnjibcena. 3thm 6y;i,yT ;i,OKa3aHbi 4)opMyjibi ;i,ji5i M/[7i, 72] h NI[^i^ 72] , 
a TaK^Ke Bce ocTajibHbie Tpe6yeMbie yTBep^K^enHH. 

riycTb * = 7(0) - 6a3HCHa5i TOHKa noBepxHOCTH [7] G 7ri((S', *) - 

roMOTonnHecKHH Kjiacc kphboh 7 b .S*, h nycTb p: S ^ S - naKpbiTHe 

nOBepXHOCTH S C 6a3HCHOH TOHKOH * G OTBeHaiOII],ee II,HKJIHHe- 

CKoii no;i,rpynne p^7Ti{S, *) = ([7]) (|)yH^aMeHTajibHOH rpynnbi 7Ti{S, *) c 

o6pa3yioii],eH [7]. 06o3HaHHM Hepe3 7 no;i,H5iTHe kphboh 7 b (S*. 3aMeTHM, 

HTO S roMeoMop4)HO jiHCTy MeSnyca M \ B 6e3 neKOToporo no;i,MHO- 
xcecTBa ero Kpaa B C dM ^ npn^eM KpnBaa 7 5iBji5ieTC5i ii,eHTpajibHOH 
OKpy^KHOCTbio jiHCTa MeSnyca M. 

PaCCMOTpHM HO^HHTHH 71 , 72 KpHBblX 71 , 72 Ha HaKpbIBaiOIII,yiO HO- 

BepxHOCTb S = M \ B, jie>Kaii],yio b jihctg MeSnyca M. H3 jigmmbi [3] 
cjie;i,yeT, hto KpHBbie 71,72 hmciot poBHO gcd{k,i) cyii],ecTBeHHbix (h ;i,e- 
4)eKTHBHbix) KjiaccoB HnjibceHa tohgk HepeceneHHii. 3aMeTHM, hto ecjin 
TOHKa HepeceneHHii kphbbix 71 , 72 5iBji5ieTC5i (caMocoKpaii],aioii],eH) toh- 
KOH HepeceneHHii "no^HiiTbix" kphbbix 71, 72 , to ona HBjiiieTCH CHeii,Hajib- 
HOH (h caMocoKpaii],aioiij,eH) h Bce SKBHBajienTHbie en tohkh HepeceneHHa 

TOXCe "nO;i,HHMaiOTCM" H HMeiOT TaKHC TKe HH;i,eKCbI, HpHHeM 3KBHBajieHT- 
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HOCTb 3THX TOneK HO OTHOmeHHK) K "nO^HHTblM" KpHBbIM 7l , 72 paBHO- 
CHJIbHa HX 3KBHBajieHTHOCTH HO OTHOmeHHK) K CaMHM KpHBbIM 71 , 72 , OT- 

Ky;:,a nojiyHH;],eKC jiio6oro Kjiacca Hnjibcena ^jih napbi (71, 72 ) coBna^aeT 
c ero nojiyHH;:,eKCOM fljiH napbi (71, 72 ) • Cjie;:i,OBaTejibHO, 71, 72 HMeiOT ne 
Menee gcd{k,i) cnei],HajibHbix cymecTBeHHbix (h fle4)eKTHBHbix) KjiaccoB 
Hnjibcena ToneK nepeceneHHii. Ho CBoficTBaM naKpbiTHH jiio6bie KpHBbie 

7^ , 72 ' , roMOTonHbie kphbbim 71 , 72 b S* , ^onycKaiOT no^HHTHe b S ; npn 
9TOM "no^HHTbie" KpHBbie 7^, 72' roMOTonHbi KpHBbIM 71, 72 B S . Ho JieM- 
Me E] Jiio6a5i napa kphbbix, roMOTonnbix (71,72) na jiHCTe MeSnyca M, 

min||fc|,|£|| 

HMeeT He Menee gcd{k £) ToneK nepeceneHHii b Ka^K^OM cymecTBeHHOM 
Kjiacce Hnjibcena. B nacTHOCTH, "no^HHTaa:" napa (71,72') Ha S HMeeT 

min{|fc|,|£|| 

He Menee gcd{k £) ToneK nepecenennii b Ka>K/i,OM cyin,ecTBennoM Kjiacce 

Hnjibcena. Cjie^OBaTejibno, ncxo^naii napa KpnBbix (7i,720 na S nMe- 
eT ne Menee gcd(A;,^) cneii,Hajibnbix cyiu,ecTBennbix KjiaccoB Hnjibcena 

mm{\k\,\e\} 

ToneK nepecenennii, Ka>K;i,biH ns KOTopbix co^ep^KHT ne Menee gcd{k i) 

ToneK nepecenennii, fle4)eKTHBen n HMeeT nojiynn^eKC 1. 

KaK noKasano Bbime, cpe;i,H cyii],ecTBennbix KjiaccoB Hnjibcena HMe- 
eTC5i poBno \k • i\ • NIlj] necneii,Hajibnbix KjiaccoB. □ 
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